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FOREWORD
In view of the increasing pressure on water resources, National Hydrological Services
(NHSs) worldwide are faced with the challenge to deliver hydrological services of high
quality, timeliness and proven credibility, to assist the decision making process of water
and natural resources managers. Nowadays, it is commonly expected that these
services must be based on information that includes an accurate assessment of its
uncertainty. Stream discharge, the basic hydrological variable, is no exception, yet most
measurements are still reported as a value without any information on its associated
uncertainty.
It is therefore very appropriate that the WMO Commission for Hydrology has
undertaken the project for the Assessment of the Performance of Flow Measurement
Instruments and Techniques, with the participation of experts from the International
Association of Hydrological Sciences (IAHS), the International Association for
Hydro-Environment Engineering and Research (IAHR), the Association of HydroMeteorological Equipment Industry (HMEI) and International Organization for
Standardization (ISO).
The present report, one of the initial outputs of the project, constitutes the first step
towards establishing an internationally agreed recommended practice, for operational
hydrologists to follow, in estimating the uncertainty associated with discharge
measurements. On behalf of WMO, I look forward to the future developments,
especially to the planned dissemination of easy-to-use tools to operationalize the
procedures described in the current publication, and I wish to commend the authors,
reviewers and all those experts who contributed their time and knowledge to the
preparation of these Guidelines.

(Petteri Taalas)
Secretary-General

PREFACE
At its twelfth session in 2004, the Commission for Hydrology (CHy) recognized that
significant advances had occurred in stream gauging instrumentation and methodologies
during the preceding few decades. In considering these advances, it reached a general
consensus that information on the appropriate use of such instrumentation and
methodologies was urgently needed. Accordingly, the Commission initiated the
development of a project proposal to assess the performance of flow measurement
instruments and techniques against WMO standards. At its thirteenth session, the project
proposal was reviewed and approved by the Commission.
In addition to launching the project, CHy-13 also adopted a thematic focus entitled Quality
Management Framework – Hydrology (QMF-H). With the growing need within National
Hydrological Services (NHSs) to design, develop and deliver products and services
effectively and efficiently, the QMF-H theme area provided a means to establish the
approaches by which the uncertainty of hydrometric measurements could be assessed.
Such activities are of fundamental importance in assessing data reliability and for ensuring
that the instrumentation and techniques being used by NHSs operate at the required
accuracy.
A project Management Committee, chaired first by Mr Paul Pilon (Canada) and, from 2014
by Mr Jean-François Cantin (Canada), was established and charged with developing,
updating and carrying out the project work plan. In undertaking its responsibilities, the
Management Committee recognized the need for guidelines specifying how the hydrological
community should approach assessing the uncertainty of hydrometric measurements. It
reviewed various analytical frameworks and recommended the use of the Joint Committee
for Guides in Metrology (JCGM) document entitled Guide to the Expression of Uncertainty
of Measurements. In February 2009, the Advisory Working Group of CHy adopted the
uncertainty analysis framework for hydrometric measurements as developed by the project.
This report describes in detail the approaches that should be taken when estimating
uncertainty and outlines step-by-step procedures for its practical implementation in
hydrometry. Three detailed examples are included to provide a clear illustration of how the
concepts can be applied in order to facilitate their adoption by the broader hydrological
community.
The main report was prepared by Mr Marian Muste (IAHR). Mrs Janice Fulford (USA)
prepared two examples demonstrating the application of the framework in hydrometry, while
Messrs Marian Muste and Jean-Luc Bertrand-Krajewski (France) prepared a third. The draft
text was reviewed by Messrs Jérôme Le Coz (IAHS), Patrick McCurry (Canada), Paul Pilon
(Canada), Tom York (ISO) and Claudio Caponi (WMO).
Project activities were conducted in association with the Commission for Hydrology’s Open
Panel of CHy Experts (OPACHE) on Basic Systems (Hydrometry and Hydraulics).
I extend my deep appreciation to the members of the Management Committee who have
helped guide the process and oversee the preparation of the manuscript. I also wish to
extend my sincerest gratitude to the authors and reviewers for their invaluable contributions
to the advancement of hydrometry through the publication of these Guidelines for the
Assessment of Uncertainty of Hydrometric Measurements.

(Harry Lins)
President, Commission for Hydrology

1.

Review of Uncertainty Analysis Frameworks

1.1

Introduction

Although measurement systems are subject to uncertainty, they are often planned,
designed, operated and managed without accounting for it. Uncertainty in measurements
arises from the randomness and complexity of physical phenomena and errors in observations
and/or processing of the measured data. With the considerable increase in data, information,
products and services, the National Hydrological Services (NHSs) are seeking ways of
expressing uncertainty and it is essential to provide guidance on how best to provide this
information. Users of one discipline also need to understand the uncertainty of the data and
products from another discipline prior to using them, and the methodology used in uncertainty
estimation must be consistent. Finally, various communities such as the public also benefit
when they see the uncertainty expressed for data and products of various disciplines within
NHSs.
Uncertainty analysis (UA) is a rigorous and scientifically robust technique to estimate
the interval about a measured variable or determined result within which the true value is
thought to lie with a certain degree of confidence (Coleman and Steele, 1999). In typical
measurement situations, several physical parameters (e.g., flow velocity, depth, and channel
width) are physically measured to obtain a derived quantity (e.g., stream discharge). The
individual physical measurements are then used in a data-reduction equation (e.g., velocity–
area method) to obtain the targeted value. Consequently, the two major steps involved in the
uncertainty analysis are: (a) identification and estimation of the uncertainties associated with
the measurement of the individual variables, and (b) propagation of the individual
measurement uncertainties in the final result. While the methods used by various communities
for estimating the elemental sources of uncertainty are quite similar (statistical analysis or use
of previous experience, expert opinion, and manufacturer specifications), the methods of
determining how those sources of uncertainty are accounted for in the final result have
differed widely (TCHME 2003). In addition, variations can even occur within a given
methodology. Coleman and Steele (1999) discuss six different variations of the Taylor-series
expansion estimation method (which is the most widely used uncertainty-estimation approach
for the propagation of uncertainties).
UA is utilized in various forms from the initial planning of the experiment to the actual
testing and data analysis. Given its significance, Kline (1985) points out that it is ultimately
more important to perform some (any!) uncertainty analysis than to use a particular
methodology. Uncertainty analysis is a critical component for assessing the performance of
flow measurement and techniques for both conventional and newer instrumentation and
methodologies. These analyses are of fundamental importance to the application of risk
management procedures and sustainable water resources management, by ensuring that the
methodology and instrumentation selected for a task will deliver the required accuracy. These
analyses also help to ensure that investments in hydrological instrumentation are costeffective.
Given the vast number of publications on the topic, the task of reviewing the
frameworks, guidelines, and standards related to uncertainty analysis of flow measurement is
daunting and well beyond the scope of the present project. In order to illustrate the magnitude
of such an exhaustive literature review, we refer to a recent overview of the flow
measurements standards issued by the International Standards Organization (ISO – the most
authoritative standards institution). The review by Reader-Harris (2007) lists about
160 standards related to the scope of our work issued by various ISO technical committees.
Two thirds of the standards that make reference to fluid flow measurement are produced by
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four technical committees: TC 28 - Petroleum products and lubricants, TC 30 - Measurement
of fluid flow in closed conduits, TC 113 - Hydrometry, and TC 131 - Fluid power systems. The
Technical Committee on Hydrometry (the ISO TC closest to our area of interest) alone
prepared 29 standards on measurement of liquid flow in open channels between 1973 and
1983 (ISO, 1983). Rather than reviewing or even listing this vast body of literature, we will
focus on the approaches, standards, guidelines, and relevant references that have come to
the fore in the most recent advancements in the UA field and gained visibility within the
international user community.
The subsequent discussion will distinguish three types of Uncertainty Analysis (UA)
publications (i.e. frameworks, standards, guidelines or references):
(a)
(b)
(c)

General UA (GUA)
Flow Measurement UA (FMUA), and
Specific Flow Measurement UA (SFMUA).

Examples of publications from each category are provided below:
(a)
(b)
(c)

GUA: Guide to the Expression of Uncertainty in Measurement (JCGM 100:2008)
FMUA: Measurement of Fluid Flow – Procedures for the evaluation of uncertainties
(ISO, 2005), and
SFMUA: Manual on Stream Gauging (WMO, 1980).

Appendix A lists selected publications for each of the above-mentioned types. Given their
importance to the present discussion, the GUA and FMUA frameworks will be discussed
below in more detail.
1.2

General UA (GUA) approaches

UA has always concerned scientists, engineers, and practitioners; for several
decades they have argued about how best to conduct UA (Abernethy and Ringhiser, 1985).
The subject has been plagued by controversy, argument, confusion and even emotion
(Abernethy and Ringhiser, 1985). Despite several decades of extensive research and
development on procedures for estimating uncertainty, until recently there has been no
consensus on a single approach or even a single unifying vision.
Starting in the 1950s, the American Society of Mechanical Engineers (ASME),
through its Performance Test Codes Committee (PTC) and the Measurement of Fluid Flow in
Closed Conduits Subcommittee 2 Determination of Uncertainties (MFC-2), considerably
stepped up efforts to write a standard measurement-uncertainty document. Although the
ASME approach was based on the landmark paper by Kline and McClintock (1953), there
were many different methods in use and heated disagreements for many years. The ASME
efforts finally achieved consensus in 1986, with the adoption of the newly-developed ASMEPTC 19.1 Measurement Uncertainty standard (ASME, 1986). In addition to ASME and the
American National Standards Institute (ANSI), this standard was accepted by the Society of
Automotive Engineers (SAE), the American Institute of Aeronautics and Astronautics (AIAA).
The standard was also recognized by ISO, the Instrument Society of America – currently the
Instrumentation, Systems, and Automation Society (ISA), the US Air Force, and the Joint
Army Navy NASA Air Force (JANNAF). A detailed description of the terminology, principles
and procedures in the ASME (1986) standard is provided in Coleman and Steele (1989).
In 1978, while the US efforts were in full swing, the lack of international consensus on
the expression of uncertainty in measurements prompted the world’s highest authority in
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metrology, the Comité International des Poids et Mesures (CIPM) to take action. The CIPM
requested the Bureau International des Poids and Mesures (BIPM) to address the problem in
conjunction with the national standards laboratories and to make a recommendation. BIPM
prepared a detailed questionnaire covering the issues involved and distributed it to 32 national
metrology laboratories known to have an interest in the subject. All responses revealed that it
was important to arrive at an internationally accepted procedure for expressing measurement
uncertainty and for combining individual uncertainty components into a single total uncertainty.
However, there was no consensus on the method to be used. BIPM then convened a working
group of experts from 11 national standards laboratories to formulate an approach for the
classification, estimation, and expression of experimental uncertainties to be used in the
guide. The fundamental requirements for the guide were: to be universal (applicable to all
kinds of measurements), internally consistent (directly derivable from the components that
contribute to the actual quantity), and transferable (usable for both primary and derived
quantities).
The task of drafting a detailed guide based on the BIPM group recommendations was
referred to ISO, on the grounds that it could better reflect the needs arising from the broad
interests of industry and commerce. ISO assembled a joint group of international experts
representing seven organizations: BIPM, ISO, International Electrotechnical Commission
(IEC), International Federation of Clinical Chemistry (IFCC), International Union of Pure and
Applied Chemistry (IUPAC), International Union of Pure and Applied Physics (IUPAP), and
International Organization of Legal Metrology (OIML). This elaborate and extensive effort led
to the “Guide to Expression of Uncertainty in Measurement” (GUM, 1993) which is the first set
of widely internationally recognized guidelines for the conduct of uncertainty analysis. Since its
publication, the GUM (the name usually associated with this methodology) has been revised
several times and is increasingly accepted by the metrology services of various professional
organizations. Since 2000, the Joint Committee for Guides in Metrology (JCGM) has been
responsible for GUM updates and distribution. Currently, JCGM members are entitled to
publish the GUM, hence the citation for the GUM in the present material is JCGM (100:2008).
In the present text GUM and JCGM (100:2008) are used interchangeably as 95 per cent of
their content is identical.
The GUM framework is based on the most recent advancements and principles in
mathematical statistics for the propagation of the elemental sources of errors to the final
results. GUM offers general rules for evaluating and expressing uncertainty in measurement
rather than providing detailed and specific instructions tailored to any specific field of study.
GUM differs from previous uncertainty assessment methodologies with respect to terminology,
more specifically the classification of errors and procedures (Herschy, 2002). The main
distinction between GUM and previous methods is that there is no inherent difference between
an uncertainty arising from a random effect and one arising from a correction for a systematic
effect (an error is classified as random if it contributes to the scatter of the data; otherwise, it is
a systematic error). Consequently, JCGM (100:2008) departs from the traditional engineering
categories of systematic (bias) and precision (random) uncertainties, using instead a
classification based on how the uncertainties are estimated, i.e. type A (evaluated statistically)
and type B (evaluated by other means). GUM provides a realistic value of uncertainty based
on the fundamental principle that all components of uncertainty are of the same nature and
are to be treated identically.
In many situations, bias uncertainties require type B evaluations and random
uncertainties require type A evaluations. However, there is no simple correspondence
between random or systematic and type A and type B uncertainties [ASME (1998) p. 16;
UKAS (2007) p. 11)]. The uncertainty from a known systematic effect may in some cases be
obtained by a type A evaluation but in other cases by a type B evaluation. This can also be the
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case for an uncertainty characterizing a random effect (JCGM 100:2008; p. 6). Irrespective of
the terminology, it is generally obvious which approach has to be used in evaluating the
various components of uncertainty in a measurement.
Despite these minor departures from conventional uncertainty practice, JCGM
(100:2008) methodology is recognized today as being the most authoritative framework for a
rigorous uncertainty assessment. Its terminology and methodology for assessing the quality of
measurements have been adopted by several scientific and engineering areas [e.g., (NIST TN
1297, 1994), (NF ENV 13005, 1999), (ISO 5168, 2005), (UKAS, 2007)]. JCGM (100:2008)
methodology, but not the complete terminology, has also been adopted by the newly revised
ASME Standard PTC 19.1 (2005) and AIAA Standard S-071 (1999). The latter standards
brought their original methodologies developed in the 1970s and 1980s into line with the GUM
by adding the assumptions necessary to achieve a less complex “large” sample methodology
required by GUM and retaining the use of traditional engineering concepts of systematic (bias)
and precision (random) uncertainties. The harmonization of the AIAA and ASME standards
with the GUM has been achieved by combining the technology of the ISO guide with historical
groupings of elemental uncertainties used in earlier versions of engineering uncertainty
standards (ASME, 1986), i.e., systematic (bias) and precision (random) uncertainties. The
AIAA (1995) standard was built on previous documents drafted by the NATO Advisory Group
on Aerospace Research and development (AGARD). ASME (1998) builds on the ASME 19.11985 “Measurement Uncertainty” standard. Given the historical realities of the various
uncertainty classifications, ASME (2005) recommends for the first time the use of the dual
classification for the elemental uncertainties that “blends” the two different terminologies.
The hydrometric community has been continuously seeking to improve procedures
for the assessment of measurement errors but, until recently, has not agreed on one particular
framework. Moreover, the few publications dealing with uncertainty analyses in the civil
engineering field are focused on reliability analyses pertinent to the design and safety of
hydraulic structures rather than on uncertainty analyses for hydraulic measurements (TCHME,
2003). Recognizing the limitations of the status quo in this area, new international and national
initiatives have recently been launched (TCHME, 2003; UNESCO, 2007). The Technical
Committee on Hydraulic Measurements and Experimentation (TCHME) of the American
Society of Civil Engineers’ (ASCE) Environmental & Water Resources Institute (EWRI) set up
a Task Committee on Experimental Uncertainty and Measurement Errors in Hydraulic
Engineering in 2003. The overall mission of this Task Committee is to provide information and
guidance on the current practices used to describe and quantify measurement errors and
experimental uncertainty in hydraulic engineering and experimental hydraulics. Similarly, in
2004 the UNESCO International Hydrology Program (IHP-VI) began to compile guidelines for
integrated urban water management that also include sections dedicated to UA. Both of these
working groups opted to adopt existing frameworks for conducting UA rather than developing
a specific standard for the hydrometry community. The groups concluded that the existing
methodologies, such as JCGM (100:2008) or AIAA (1995), can be successfully applied for
assessing the measurement uncertainty in laboratory and field measurements in hydraulics
research (Bertrand-Krajewski and Bardin, 2002; Muste and Stern, 2000; Muste et al., 2004;
Kim et al., 2005; Kim et al., 2007; Gonzalez-Castro and Muste, 2007; UNESCO, 2007, Muste
et al., 2012).
An alternative approach to the widespread UA based on Taylor-series expansion for
propagation of the elemental errors to the final results, is to use Monte Carlo simulation
techniques (e.g., JCGM 101:2008). In this approach, the first input is the assumed true value
of each variable in the data reduction equation. Then the estimated random uncertainty for
each variable and the estimated elemental systematic uncertainties for each variable are
determined. A Gaussian random number generator is used to produce scaled random and
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systematic elemental errors for individual running tests. Using the input values for all the
variables, the final result is calculated. This process is repeated N times (10,000 to 250,000
iterations are needed), after which the mean and standard deviations of the distributions of the
results are calculated. With this approach it is also relatively simple to incorporate nonGaussian error distributions for the elemental sources and degrees of confidence other than
95 per cent can be specified. The Monte Carlo simulation is useful for investigating complex
UA cases. Appendix A lists selected GUA publications.
1.3

Flow Measurement UA (FMUA) and Specific FMUA (SFMUA) approaches

A review of the literature on UA of the flow measurements is a core aspect of the
present project. It is a difficult task because the subject is addressed in a variety of
publications, using a multitude of analytical approaches, with most of the published analyses
reflecting conventional instruments or techniques. The succinct literature review conducted as
part of this project found minimal guidance available on UA for flow measurements (WMO,
2007; Pilon et al., 2007). Existing WMO guidance and standards documents do not sufficiently
address the computation of uncertainty for newer hydrological measurements. A recent edition
of the Guide to Hydrological Practices (WMO, 2008) reviews new instrumentation and
technologies to produce hydrological information but does not address the aspects of
uncertainty analysis of data and information. A concerted effort of the international community
as reflected in this project could greatly advance our current state of practice in the
assessment of flow-measurement instruments.
Early discussions by the WMO project group on aspects of the UA for flow
measurements were initiated in parallel with the formulation of guidelines for instrument
operation, data acquisition and processing of data collected with various hydrological
instruments. These efforts can be traced back to the early days of hydrometry, as the area
always attracted the attention of the civil engineering community (Kolupaila, 1961). In the early
1950s, awareness of UA for flow measurement was increasingly apparent throughout Western
European countries. Efforts to develop a standard for flow measurements were usually
spearheaded by government-supported agencies such as the British Standards Institution
(BSI) in United Kingdom, Association Française de Normalisation (AFNOR) in France, and
Deutsches Institut fur Normung (DIN) in Germany. Despite the many authoritative documents
on flow measurement that were available (e.g., ASME, 1971), the first effort at developing a
national standard for flow measurement in the United States was initiated in 1973 (Abernethy
et al., 1985). The first standard on flow measurement developed by ISO was “Measurement
Flow by Means of Orifice Plates and Nozzles” [ISO (1967)] and is based on compromises
between procedures in use in the United States and those used throughout Western Europe.
All of these efforts addressed the accuracy of flow measurement with varying degrees of
thoroughness. However, each of the resulting publications proposed “personalized”
procedures for estimating uncertainty, often biased by the judgement of the individuals
involved in developing the procedure (Abernethy et al, 1985).
The present discussion will be limited to publications issued by ISO, the most
authoritative international source for standards. Manuals, guidelines, and monographs drafted
by national standardization agencies (e.g., EU, DIN, NIST) and international, professional
organizations (e.g., WMO, UNESCO, IAHR, IAHS) are not reviewed here. A specially
designed web survey will be distributed by WMO in the near future as part of this project. It will
request information from National Hydrological Services (NHSs) on these latter type
documents that are used in specific countries, together with other standards, guidelines, and
manuals issued in the various countries. Appendix A lists selected FMUA and SFMUA
publications.
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As pointed out by Thomas (2002), the task of reviewing just the existing ISO
standards on flow instruments and techniques is overwhelming. His paper gives guidance on
selecting an open-channel flow measurement method and selecting one of the 64 ISO
standards relevant to flow measurement in open channels. Because of the diversity and large
number of available standards on flow measurements, he concludes that there is a need for
an organization to have a “standards programme” (SP). The SP’s role would be to provide
guidance on the various types of standards (how they can be used and when), the decision
process for implementing standards, the various key access points for information about the
standards and their availability. ISO/TR 8363 [ISO (1997)] is recommended as being the
“standard of standards” for flow measurement as it offers the most qualified guidance for
selecting an open-channel flow measurement method and an applicable standard. The first
criterion that the ISO (1997) uses to select a specific flow measurement instrument or
technique is the required or expected level of uncertainty of the measurement.
The first publication of a standard devoted entirely to estimating the uncertainty of a
flow rate measurement was ISO/DIS 5168, published in 1978. This standard was drafted by
the ISO/TC 30/sc 9 General Methods Subcommittee which considers both uncertainties and
calibration techniques, and it proved very useful for many years. The standard was
subsequently updated in 1998 (as ISO/TR 5168) and later on in 2005 [as ISO (2005.a)] in light
of JCGM (100:2008), which provides a general framework for expressing the uncertainties in
all areas of measurement. ISO (2005.a) was the first standard to provide guidance on how to
apply the GUM for establishing the uncertainty of flow measurements. ISO (2005.a) is
referenced in another 22 standards developed by five other ISO committees (Reader-Harris,
2007). Other related ISO standards that adopted JCGM 100:2008 are ISO 1088 (2007) and
ISO (2005.b).
As noted in Sections 1.2 and 1.3, the general and the more specific flowmeasurement standards on UA (GUA and FMUA) are methodologically aligned, while not all
FMUA uses the terminology of JCGM (100:2008). Following years of disagreement and lack of
consensus on unifying approaches, there is now a broad consensus that JCGM (100:2008) is
the most authoritative document on all aspects of uncertainty assessment.
2.

Synthesis of Recommended UA Approach

2.1

Recommendation Rationale

The review of the UA general frameworks conducted in Section 1.2 illustrates that
from the first attempt to develop a modern standard approach to UA (Kline and McClintock,
1953) to the most recent and comprehensive effort (JCGM, 100:2008), many other
methodologies were developed, reflecting the various schools of thought on the matter.
Systematic studies conducted to compare various recent UA methodologies (i.e. Steele et al.,
1994; Coleman and Steele, 1999) conclude that the uncertainty models presented in the
JCGM (100:2008) are more appropriate for determining uncertainty intervals than other
existing models.
JCGM (100:2008), however, provides general rules for evaluating and expressing
uncertainty in measurement rather than providing detailed, scientific- or engineering-specific
instructions. Moreover JCGM (100:2008) does not discuss how the uncertainty of a particular
measurement result, once evaluated, may be used for different purposes such as, for
example, to draw conclusions about the compatibility of that result with other similar results,
establish tolerance limits in a manufacturing process, or decide whether a certain course of
action may be safely undertaken. Given its general formulation, JCGM (100:2008)
acknowledges that it might be necessary to develop particular standards based on the
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framework of the guide to address the problems specific to individual fields of measurement.
Such relevant outgrowths of the generalized guide are the subsequently developed standards
of the American Institute of Aeronautics and Astronautics (AIAA, 1999) and the American
Society of Mechanical Engineers (ASME, 2005). These latter standards have kept their
terminology while harmonizing the methodology with GUM specifications and procedures. This
adoption is an important step forward in the area of UA implementation as it had been
speculated that the complexity of the GUM would likely prevent its application in normal
engineering practice (Coleman and Steele, 1989).
From the practical point of view, the most distinct and important difference that JCGM
(100:2008) brings into the discussion is its emphasis on the categorization of uncertainty into
type A and B standard uncertainties, rather than advocating the widely used “systematic” and
“random” uncertainty terminology found in the AIAA and the ASME engineering communities.
type A and type B define how an uncertainty estimate was made, while bias and precision
uncertainties indicate their cause. Type A uncertainties are those evaluated “by the statistical
analysis of series of observations”, while type B uncertainties are evaluated “by means other
than the statistical analysis of series of observations.” For many practising engineers the most
commonly used classification criterion is related to their effect rather than the method of their
evaluation. That is, if an uncertainty source causes random scatter in a test result, it is termed
a precision (random) uncertainty, and it has been caused by random errors. If the scatter is
not random, it is termed systematic uncertainty or bias and is considered to be caused by
systematic errors, for which a correction factor may be applied to the measurements. In this
traditional terminology, accuracy is viewed as the combination of precision and bias.
Arguments can be made for both sets of nomenclatures. Type A and type B
unambiguously define how an uncertainty estimate was evaluated, and the GUM typically
assumes that all bias has been removed from the measurements. GUM terminology for
uncertainty components is directly related to the use made of the corresponding quantity,
namely how that quantity appears in the mathematical model describing the measurement
process. On the other hand, the systematic/random categorization is deeply rooted in the
applied research and engineering vocabulary. The latter classification is particularly useful
during the debugging phase of an experiment for determining the expected dispersion of
results for a particular experimental situation (Coleman and Steel, 1999). In principle, an
uncertainty component arising from a systematic effect may in some cases be evaluated by
method A and in others by method B, and the same applies to an uncertainty component
arising from a random effect. The correspondence between the commonly used classification
and the GUM approach is not straightforward. For example, a systematic calibration
uncertainty can become a source of scatter (and thus a random uncertainty) if a new
calibration is performed before each reading of the sample. In fact, NIST (1994) recommends
that the terms “random uncertainty” and “systematic uncertainty” be avoided because, while
the adjectives “random” and “systematic” are appropriate modifiers for the word “error”, they
are not appropriate modifiers for the word “uncertainty”.
The JCGM (100:2008) uncertainty classification is made for convenience only. The
propagation and final uncertainty are evaluated in the same way as in the engineering-based
uncertainty standards. The GUM states (JCGM 100:2008, p. 6): “The purpose of the type A
and type B classification is to indicate the two different ways of evaluating uncertainty
components and is for convenience of discussion only; the classification is not meant to
indicate that there is any difference in the nature of the components resulting from the two
types of evaluation. Both types of evaluation are based on probability distributions and the
uncertainty components resulting from either type are quantified by variances or standard
deviations.” In other words, no convention for classifying uncertainties affects the estimation of
the total uncertainty. It has been shown that for most engineering applications, when 10 or
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more readings can be obtained for each variable in an experimental result and the systematic
uncertainties have degrees of freedom of 9 or more, the engineering standards (such as
ASME, 2005) and JCGM (100:2008) are substantially the same (UKAS, 2007, pp. 10-11).
Where there are small degrees of freedom in the results, the GUM standard (JCGM 100:2008)
is recommended (Steele et al., 1994).
JCGM (100:2008) has found wide acceptance in the United States by prominent
specialized organizations (http://physics.nist.gov/cuu/Uncertainty), such as the National
Conference of Standards Laboratories, North American Collaboration in Measurement
Standards, National Voluntary Laboratory Accreditation Program, and the American
Association for Laboratory Accreditation. Moreover, the GUM has been adopted by the
National Institute of Standards and Technology (NIST) and most of NIST's sister national
metrology institutes throughout the world, such as the National Research Council (NRC) in
Canada, the National Physical Laboratory (NPL) in the United Kingdom, and the PhysikalischTechnische Bundesanstalt in Germany. The GUM has been adopted by the American
National Standards Institute (ANSI) as an American National Standard (ANSI, 1997). GUM
methods have been widely adopted abroad by various metrology and related organizations
including: European Collaboration in Measurement Standards (EUROMET), European
Cooperation for Accreditation (EA) and the European Union; adopted by CEN and published
as EN 13005. ISO published the French translation of the GUM in 1995; German and Chinese
translations were also published in 1995, and an Italian translation was published in 1997.
Translations of the GUM into Estonian, Hungarian, Japanese, Spanish, and Russian have
been completed or are well under way. Most recently, the Joint Committee for Guides in
Metrology (JCGM) has assumed responsibility for the maintenance and revision of the GUM
and therefore is listed here as JCGM 100:2008. The JCGM members are the seven
international organizations listed above: BIPM, IEC, IFCC, ISO, IUPAC, IUPAP, and OIML,
together with the International Laboratory Accreditation Cooperation (ILAC). The series of
JCGM 100:2008 companion standards include protocols for vocabulary, the Monte Carlo
method, and the application of the GUM to any number of output quantities
(http://www.bipm.org/en/publications/guides).
As there are several near-equivalent options for performing a UA, it is beneficial and
necessary to recommend a single method to help simplify the issues surrounding UA
implementation for use in hydrometry. While aware of the tradition in engineering of the
systematic/random uncertainty categorization and its usefulness in engineering experimentation,
we recommend that the hydrological community adopt JCGM (100:2008). The standard is widely
accepted and used, and we recommend herein that it be adapted for our community.
2.2

Summary of the GUM (JCGM, 100:2008)

Environmental systems can be generically described by a set of variables X1, …, Xk
related in p functional forms (Singh et al., 2001)

f j ( X1,..., X k ; α1,....,α l ) = 0,

j = 1,2,..., p

(1)

depending on αq parameters (q = 1,2 …, l). If the variables are random, the functional
relation reduces to a structural relation, which in environmental systems involves time-space
distributed variables. The problem posed in environmental sciences is to estimate αq from a
set of observations. If we were able to observe values of X without error, there would be no
statistical problem, and the problem would merely mathematical. However, the variables that
we observe (measure) are prone to errors that need to be estimated as uncertainties. The
vexing problem of uncertainty in the decision-making process is that it is impossible to deal
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with every kind of uncertainty. In the present section, only the kind of uncertainty that can be
quantitatively measured, at least in principle, will be considered. This is termed the
measurement uncertainty.
The measurement process is the act of assigning a value to some physical variable,
by operating sensors and instruments in conjunction with data acquisition and reduction
procedures. In the ideal measurement, the value assigned by the measurement would be the
actual value of the physical variable to be measured. However, the measurement process and
environmental errors introduce uncertainty into the measurement. To give some measure of
confidence to the measured value, measurement errors must be identified, and their probable
effect on the result estimated. Uncertainty is simply an estimate of the magnitude of the error
in the reported value of a measurement. The process of systematically quantifying the
estimate of the magnitude of error is known as uncertainty analysis (UA). The UA
methodology presented below is adapted from JCGM (100:2008). Definitions of specific terms
are consistent with the International Vocabulary of Basic and General Terms in Metrology
(ISO, 1993).
2.2.1

Basic Concepts and Terminology

Uncertainty analysis is a rigorous methodology, combining statistical and engineering
concepts, for estimating uncertainties in measurements and in the results calculated from
them. The objective of a measurement is to determine the value of a measurand, that is the
value of the particular quantity to be measured. The term measurand in this guide is
equivalent to the term true value used by the engineering standards. A measurement for a
specified measurand therefore entails the measurement methods and procedures along with
the effect of the influence quantities (environmental factors). Collectively, these components
form the measurement system. In general, a measurement has imperfections that give rise to
an error in the measurement result. Consequently, the result of a measurement is only an
approximation or estimate of the value of the measurand and thus is complete only when
accompanied by a statement of the uncertainty of that estimate. In practice, the required
specification or definition of the measurand is dictated by the required accuracy of
measurement. The accuracy of a measurement indicates the closeness of the match between
the result of a measurement and the value of the measurand.
The measurement error is defined as the result of a measurement minus the true
value of the measurand. Neither the true value nor the value of the measurand can ever be
known exactly because of the uncertainty arising from various effects. Traditionally, these
effects are assigned to random and systematic errors. Random errors presumably arise from
unpredictable or stochastic temporal and spatial variation of factors that influence the results
of the measurement (factors, termed “quantities”, that are not measured but that affect the
result of a measurement). These errors give rise to variations in repeated observations of the
measurand. Although it is not possible to compensate for the random error of a measurement
result, it can usually be reduced by increasing the number of observations. Frequently in
engineering practice, a number of measurements are used to establish a conventional true
value (see Figure 1). The systematic error (also termed bias), like the random error cannot be
eliminated, but it can be reduced. If a systematic error arises from a recognized effect of an
influence quantity, if the effect can be quantified, and if it is significant in size relative to the
required accuracy of the measurement, then a correction can be estimated and applied to the
measurement to compensate for the effect. It is assumed that after such a correction has been
applied, the expected value of the error arising from the particular effect is zero. The effect of
systematic and random errors on repeated measurements is shown in Figure 2.

10	
  

GUIDELINES FOR THE ASSESSMENT OF UNCERTAINTY FOR HYDROMETRIC MEASUREMENT

Figure 1 - Errors in the measurement of an input quantity
(µ is the mean of the measurement population). (Coleman & Steele, 1995)

Figure 2 - Illustration of measurement error effect (AIAA, 1995)
A distinction should be made between error and uncertainty. Uncertainty is an
estimate of the error. The uncertainty of the result of a measurement reflects the lack of exact
knowledge of the true value of the measurand. The uncertainty arises from random effects
and imperfect correction of the results for systematic effects. In practice, there are many
possible sources of uncertainty in a measurement, including incomplete definition of the
measurand, imperfect realization of the definition of the measurand, non-representative
sampling, inadequate knowledge of the effects of environmental conditions, personal bias in
reading analogue instruments, finite instrument resolution or discrimination threshold,
inaccurate values of measurement standards and reference materials, inaccurate values of
constants and other parameters obtained from external sources and used in the datareduction algorithm, approximations and assumptions incorporated in the measurement
method and procedure, and variations in repeated observations of the measurand under
apparently identical conditions.
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By defining uncertainty as the dispersion of the values that could reasonably be
attributed to the measurand, the underlying concept of the GUM is that there is no inherent
difference between the uncertainty components arising from random and systematic effects.
Both effects are assumed to exist as dispersions about the measured value. Consequently,
uncertainties are always estimated using probability density functions or frequency
distributions; their classification should therefore be based on the method used to estimate
their numerical values, i.e. type A evaluated by statistical methods, or type B by other means.
Type A uncertainties are evaluated by statistical analysis of repeated observations to obtain
statistical estimates. Type B uncertainties are evaluated by other means, i.e. assumed
probability distributions based on scientific judgements and consideration of a pool of
comparatively reliable information that may include previous measurements, calibrations and
experience, or general knowledge of the behaviour and properties of relevant instruments and
measurement procedures.
Another way of interpreting the GUM classification is that it distinguishes between
information that comes from sources local to the measurement process (type A) and
information from other sources (type B). For the final uncertainty, it makes no difference how
the components are classified, because the GUM treats type A and type B evaluations in the
same manner. Typically, type A uncertainty captures the randomness of the measurement
process generated by various sources when repeated measurements (more than one) are
available, while type B is necessary when there is one (single) measurement or no
measurements are available. Consequently, previous knowledge or engineering judgement is
required. As an example of type A evaluation of a systematic uncertainty, consider the
situation of a measuring instrument calibrated against a standard. The calibration process
normally involves taking a number of readings. The elements of the uncertainty associated
with the calibration caused by random effects will then be evaluated statistically (type A).
When the calibrated measuring instrument is used in a measurement process, the evaluation
of the uncertainty must include the uncertainty in the calibration. However, the errors obtained
through the calibration will make a systematic contribution to the new measurements. The
effect of random errors in the calibration process will have become “fossilized” into an effect
that is systematic and is hence classed as type B uncertainty. As another example of the use
of type B evaluation for a random uncertainty, consider a measurement made with an
instrument that displays the reading to just three digits and is performed just once (UKAS
2007). This will introduce a random error due to the limited resolution of the reading. The true
value of the measurand can lie anywhere in the range of ±0.5x (value of the least significant
digit) with equal probability.
The fundamental definition for measurement uncertainty is the standard deviation of
the probability distributions, which is termed standard uncertainty. It is defined as the positive
square root of the variance of the probability density function obtained from an observed
frequency distribution (for type A) or assumed probability density function (for type B). The
standard uncertainty of the result of a measurement, when that result is obtained from the
values of a number of other quantities, is termed combined standard uncertainty. It is the
standard deviation associated with the result and it is obtained using the positive square root
(RSS) of all variance and covariance components, however evaluated. The combined
uncertainty takes all elemental sources and components of uncertainties into account. To
meet the needs of some area-specific applications, an expanded uncertainty is obtained by
multiplying the combined standard uncertainty by a coverage factor. The intended purpose of
the expanded uncertainty is to provide an interval about the result of a measurement that may
be expected to encompass a large fraction of the distribution of values that could reasonably
be attributed to the measurand. The choice of the coverage factor, usually in the range 2 to 3,
is based on the coverage probability or level of confidence required of the interval.
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The implementation of the UA assumes that the uncertainties involved are small
compared with the measured values, except when the measurements are close to zero. For
this to be true, the following must strictly apply (AIAA, 1995, GUM, 1993):
(a)
(b)
(c)
(d)
(e)
(f)

The measurement process is understood, critically analysed, and well defined
The measurement system and process are controlled
All appropriate calibration corrections have been applied
The measurement objectives are specified
The instrument package and data-reduction procedures are defined
Uncertainties quoted in the analysis of a measurement are obtained employing full
intellectual honesty and professional skills.

2.2.2

Uncertainty analysis implementation

The uncertainty analysis methodology presented below closely follows the JCGM
(100:2008) guide. To ensure proper application, the standard is reproduced roughly verbatim,
with only minor changes.
2.2.2.1 The measurement process
In most cases a measurand (physical quantity subject to measurement) Y is not
measured directly, but is determined from N other quantities
through a
functional relationship f:

Y = f (X1, X 2 ,..., X N )

(2)

For economy of notation, the same symbol is used for the physical quantity and for the
random variable that represents the possible outcome of an observation of that quantity. In a
series of observations, the kth observed value of Xi is denoted by Xi,k. The estimate of Xi
(strictly speaking, of its expectation) is denoted by xi. The input quantities
upon
which the output quantity Y depends may themselves be viewed as measurands and may
themselves depend on other quantities, including corrections and correction factors for
systematic effects. The function f of Equation (2) should express not simply a physical law but
a measurement process, and in particular, it should contain all quantities that can contribute a
significant uncertainty to the measurement result. Thereby, the functional relationship f may
never be written down explicitly so it needs to be determined experimentally or as an algorithm
evaluated numerically.
may be categorized as: quantities whose values and
The set of input quantities
uncertainties are directly determined in the current measurement. These values and
uncertainties may be obtained from, for example, a single observation, repeated observations
(similar to precision errors), or judgement based on experience, and may involve the
determination of corrections to instrument readings and corrections for influence quantities,
such as ambient temperature, barometric pressure, and humidity. Alternatively, values of the
quantities of the uncertainties are brought into the measurement from external sources, such
as quantities associated with calibrated measurement standards, certified reference materials,
and reference data obtained from handbooks (similar to bias errors).
An estimate of the measurand Y, denoted by y, is obtained from equation (2) using
for the values of the N quantities
. Thus the output
input estimates
estimate y, which is the result of the measurement, is given by.
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(3)

The estimated standard deviation associated with the output estimate or measurement result
, is determined from the
y, termed “combined standard uncertainty” and denoted by
, termed standard

estimated standard deviation associated with each input estimate
uncertainty and denoted by
Each input estimate

.
and its associated standard uncertainty

from a distribution of possible values of the input quantity,

are obtained

. This probability distribution may

be frequency based, that is, based on a series of observations

of

or it may be from an

a priori distribution. Type A evaluations of standard uncertainty components are founded on
frequency distributions derived from data, while type B evaluations are made using a priori or
assumed distributions. It must be recognized that in both cases the distributions are models
that are used to represent the state of our knowledge.
2.2.2.2 Type A evaluation of standard uncertainty
Type A evaluation of standard uncertainty may be based on any valid statistical
method for treating data, i.e., calculating the standard deviation of the mean of a series of
independent observations, applying the method of least square to fit a curve to data, or using
variance analysis such as ANOVA. In most cases, the best available estimate of the expected
of a random variable q measured by n independent observations,
obtained under
value
the same measurement conditions is the arithmetic mean or average

of the n observations:

1 n
q = ∑ qk
n k =1
Thus for an input quantity
arithmetic mean

(4)

estimated from n independent repeated observation

obtained from equation (4) is used as the input estimate

, the

in equation

. Those input estimates not
(3) to determine the measurement result y; that is,
evaluated from repeated observations must be obtained by other methods (external sources).
The individual observations
differ in value because of random variations in the
influence quantities, or random effects. The experimental variance of the observations, which
estimates the variance
of the probability distribution of q, is given by

1 n
s (qk ) =
(qk − q ) 2
∑
n − 1 k =1
2

This estimate of variance and its positive square root

(5)
, termed the experimental standard

deviation, characterize the variability of the observed values
dispersion about their mean .
The best estimate of

, or more specifically, the

, the variance of the mean, is given by

14
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The best estimate of

, the variance of the mean, is given by

s2 (q) =
The experimental variance of the mean
mean

quantify how well

is

with

and
standard uncertainty.

(6)

n

and the experimental standard deviation of the
estimates the expectation

be used as a measure of the uncertainty of
n independent repeated observations

s2 (qk )

of q, and either may

. Thus, for an input quantity

, the standard uncertainty

determined from
of its estimate

calculated according to equation (6). For convenience,
are sometimes called a type A variance and a type A

2.2.2.3. Type B evaluation of standard uncertainty
A type B evaluation of standard uncertainty is usually based on scientific judgement
using all the relevant information available, which should include at least the following error
sources (UKAS, 2007): the reported calibration uncertainty assigned to reference standards
and any drift or instability in their values or readings, the calibration of the measuring
equipment, the resolution and any instability of the measuring equipment, the operational
procedure, the variability induced by the operator and environmental conditions. For an
estimate x of an input quantity
that has not been obtained from repeated observations, the
associated estimated variance

or the standard uncertainty

is evaluated by

scientific judgement based on all of the available information on the possible variability of
.
The pool of information may include previous measurement data, experience with or general
knowledge of the behaviour and properties of relevant materials and instruments,
manufacturer’s specifications, data provided in calibration and other certificates,
and
uncertainties assigned to reference data taken from handbooks. For convenience,

and

evaluated in this way are sometimes called a type B variance and a type B standard
uncertainty, respectively.
Type B standard uncertainty is based on the expected dispersion of measurements
and the assumed probability distribution. The dispersion, , is the estimated semi-range of a
component of uncertainty associated with an input estimate,

, as defined in Table 1. The

probability distribution can take a variety of forms but it is generally acceptable to assign welldefined geometric shapes for which the standard uncertainty can be obtained from a single
calculation (see Table 1). Typical examples of rectangular probability distributions include
(ISO, 2005): maximum instrument drift between calibrations, error due to limited resolution of
an instrument’s display or digitizer, manufacturers’ tolerance limits. A normal probability
distribution can also be used in association with calibration certificates quoting a confidence
level (or coverage factor) with the expanded uncertainty. The triangular probability distribution
is used where the only information available about a quantity is the maximum bounds within
which all values of the quantity are assumed to lie. In some measurement situations the upper
and lower bounds for an input quantity are not symmetrical with respect to the best estimate
due, for example, to a drift in the instrument. For such situations the asymmetric distribution
would be appropriate for estimating the standard uncertainty.
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When the source of uncertainty information is well defined, such as a calibration
certificate or a manufacturer’s tolerance, the choice of probability distribution will be clear-cut.
However, when the information is less well defined, for example when assessing the impact of
a difference between the conditions of the calibration and use, the choice of a distribution
becomes a matter of professional judgement.
Table 1 - Probability distribution used to estimate type B uncertainties
Distribution

Standard uncertainty of a measured value xi

Rectangular

Normal

ai = U = expanded uncertainty; k = coverage factor
Triangular

Asymmetric

2.2.2.4 Determining the combined standard uncertainty
Uncorrelated input quantities. This situation refers to the case where all input
quantities and their uncertainties are independent. The case where two or more input
quantities are related is labelled as correlated input quantities. The standard uncertainty of y,
where y is the estimate of the measurand Y and thus the results of the measurement, is
obtained by appropriately combining the standard uncertainties of the input estimates
. This combined standard uncertainty of the estimate y is denoted by
.
The combined standard uncertainty
variance

is the positive square root of the combined

, which is given by
2

⎛ ∂f ⎞
u (y) = ∑ ⎜ ⎟ u 2 (x i )
i=1 ⎝ ∂x i ⎠
N

2
c

(7)
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where f is the function given in equation (2). Each

is a type A or B standard uncertainty

is an estimated
evaluated as described above. The combined standard uncertainty
standard deviation and characterizes the dispersion of the values that could reasonably be
attributed to the measurand Y. Equation (7) is based on a first-order Taylor series
.
approximation of
The partial derivatives

in equation (7) are equal to

evaluated at

. These derivatives, called sensitivity coefficients, describe how the output estimate y
varies with changes in the values of the input estimates

. Strictly speaking, partial

evaluated at the expectations of the
derivatives are
practice, the partial derivatives are estimated by

∂f
∂f
=
∂x i ∂X i

. However, in

(8)
x1 ,x 2 ,…,x N

Developing the general uncertainty equation for a given data-reduction equation often
requires the determination of numerous partial derivatives. When the data-reduction equation is
complex, this can be a very tedious task. An alternative is to use numerical approximations of the
partial derivatives (UKAS, 2007). They can be computed from:

f (x i + δx i ) − f (x i − δx i )
∂f
≈
∂x i
2δx i

(9)

with the values of all other variables in the data-reduction equation held constant while varying
. To implement this, one should choose a very small variation for
for the quantity
(typically 1000 times smaller than the value of

) and compute the derivative, then reduce

to one-half of the starting value and compute the derivative again. Continue reducing until
the estimated value of the derivative converges. This method can be easily implemented in
commercial spreadsheet or mathematical-analysis software.
Correlated input quantities. Equation (7) is valid only if the input quantities

and

are significantly
their uncertainties are independent or uncorrelated. If some of the
correlated, the correlation must be taken into account. There may be significant correlation
between two input quantities if the same measuring instrument, physical measurement
standard, or reference datum having a significant standard uncertainty is used in their
determination.
The appropriate expression for the combined variance

associated with the

results of a measurement when some of the input quantities are correlated is
N

u ( y) = ∑
2
c

i=1

2

N −1
⎛ ∂f ⎞ 2
u
(x
)
+
2
∑
⎜ ⎟
i
⎝ ∂x i ⎠
i=1

N

∑

j =i+1

∂f ∂f
u(x i , x j )
∂x i ∂x j

(10)
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where

and

are estimates of

covariance associated with

and

and

and
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is the estimated

.

2.2.2.5 Determining expanded uncertainty
Although
can be universally used to express the uncertainty of a measurement
result, in many applications it is often necessary to give a measure of uncertainty that defines
an interval about the measurement result that may be expected to encompass a large fraction
of the distribution of values that could reasonably be attributed to the measurand. The
additional measure of uncertainty that meets the requirement of providing an interval of the
kind indicated above is termed expanded uncertainty, denoted by U. The expanded
by a
uncertainty U is obtained by multiplying the combined standard uncertainty
coverage factor k:

U = kuc (y)

(11)

, which is
The result of a measurement is then conveniently expressed as
interpreted as the best estimate of the value attributable to the measurand , and that y
to
is an interval that may be expected to encompass a large fraction of the distribution
of values that could reasonably be attributed to Y. Such an interval is also expressed as
. Ideally, one would like to be able to choose a specific value of the
corresponding to a
coverage factor k that would provide an interval
particular level of confidence p, such as 95 or 99 per cent; equivalently, for a given value of k,
one would like to be able to state unequivocally the level of confidence associated with that
interval. The expanded uncertainty that has an approximate level of confidence p can be
written as

U p = k p uc (y)

(12)

However, this is not easy to do in practice because it requires extensive knowledge of the
probability distribution characterized by the measurement result y and its combined standard
. Although these parameters are of critical importance, they are by
uncertainty
themselves insufficient for the purpose of establishing intervals having exactly known levels of
confidence. The simplest approach, often adequate in measurement situations, is to assume
is approximately normal and the
that the probability distribution characterized by y and
is of significant size (as many as 30 repeated
effective degrees of freedom of
observations). When this is the case, which frequently occurs in practice, one can assume that
taking k = 2 produces an interval having a level of confidence of approximately 95 per cent,
and that taking k = 3 produces an interval having a level of confidence of approximately
may be approximated by a t-distribution
99 per cent. In general, the distribution of y and
with an effective degrees of freedom,

, obtained from the Welch-Satterthwaite formula:

ν eff =

uc4 ( y )
N
ui4 ( y )
∑
νi
i=1

(13)
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If

is obtained from a type A evaluation,

is determined as

being the number of repeated measurements for each Xi. If

is obtained from a type B

evaluation and it can be treated as exactly known, which is often the case in practice,
otherwise estimate

, with n
;

from equation
2
1 u ( xi )
1 ⎡ Δu( x i ) ⎤
νi =
≈
⎢
⎥
2 σ 2 u( x i ) 2 ⎣ u( x i ) ⎦

[

−2

(14)

]

The quantity in square brackets is the relative uncertainty of

.

2.2.2.6 Practical Considerations
If all of the quantities on which the result of a measurement depends are varied, its
uncertainty can be evaluated by statistical means (type A evaluation method). However,
because this is rarely possible in practice due to limited time and resources, the uncertainty of
a measurement result is usually evaluated using a mathematical model of the measurement
and the law of propagation of uncertainty. Thus implicit in JCGM (100:2008) is the assumption
that a measurement can be modelled mathematically to the degree imposed by the required
accuracy of the measurement. Because the mathematical model may be incomplete, all
relevant quantities should be varied to the fullest practical extent so that the evaluation of the
uncertainty can be based as much as possible on observed data. The steps to be followed for
evaluating and expressing the uncertainty of the result of a measurement can be summarized
as follows (see Figure 3).

Figure 3 - Propagation of errors into experimental results
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For each measurement situation, the functional relationship (2) is determined first.
The function should contain every quantity, including all corrections and correction factors that
can contribute a significant component of uncertainty to the result of the measurement. Then a
block diagram of the measurements is constructed to help organize the individual
measurement systems and illustrate the uncertainties involved in the measurement process.
and the standard uncertainties
for each input estimate using type A
Determine
and/or B evaluation procedures. Evaluate the covariances

associated with any input

estimates that are correlated. Once the uncertainties have been identified, their relative
significance should be established based on order of magnitude estimates. A “rule of thumb”
recommended by AIAA (1995) is that those uncertainty sources that are smaller than 1/4 or
1/5 of the largest sources are usually considered negligible. Calculate the result of the
by
measurement with Equation (2). Determine the combined standard uncertainty
propagating the standard uncertainties to the final results using Equations (7) or (10). The
expanded uncertainty U can then be determined for a specific coverage factor, k. It is
together with its combined standard
recommended that the result of the measurement
uncertainty or expanded uncertainty be reported.
JCGM (100:2008) provides the summary of procedures for evaluating and expressing
uncertainty (Section 8, page 27). For practical purposes, we propose here a UA development
structure that compresses the eight detailed steps in four procedures. We will develop the
companion examples using this structure. The end-to-end procedures that are recommended
for developing a full-fledged UA are:
(1)

Define the measurement process (short title: Measurement Process). The direct or
multivariate measurement process through which the physical quantity value is
estimated needs to be modelled through a functional relationship between the input
and output of the measurement (usually a mathematical expression) and other factors
involved in the measurement process. At this stage of the analysis, it is also useful to
briefly describe the measurement setup, environmental conditions, and technical
information about the instruments to help identify the measurement process errors,
including errors not associated with the variable in the modelled measurement. This
step includes the data acquisition for the final measurement result as well as the
customized measurements for supporting the conduct of uncertainty analysis.

(2)

Identify the error sources and estimate the corresponding uncertainties (short title:
Assessment of Uncertainty Sources). Once the sources of errors in the
measurement process are identified, the uncertainty estimates are developed using
measured (type A) or assumed probability distributions (type B). The standard
uncertainty of the elemental error sources is described by the square root of the
variance of the measurement error distribution. This step also includes the estimation
of the correlated uncertainty sources between any of the input variables. A summary
table of all sources of error (simple or correlated) is provided in a tabular from.

(3)

Propagate the uncertainties to the final result (Combined Standard Uncertainty).
This step is accomplished by using the variance addition rule (a direct method is used
in the Monte-Carlo Method simulation). For one input variable, the addition to the
variance of various sources of uncertainties of that variable is applied. For a
multivariate measurement, in addition to considering the variance of the individual
input variables, the possible correlations between the measurement process errors
need to be considered. For multivariate analysis, it is also important that the input
variable uncertainties are weighted by the appropriate sensitivity coefficients. The
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degrees of freedom for each uncertainty component, as well as that of the combined
uncertainty obtained through the propagation of elemental uncertainties to the final
result, are then determined.
(4)

Report the analysis result (Result Reporting and Uncertainty Budget). The reports
for uncertainty estimates should present the value of the quantity of interest, its
combined total uncertainty, and the expanded uncertainty at a 95 per cent level of
confidence. Also useful for the analysis is the reporting of the uncertainty budget, the
list of the measurement process uncertainties and associated degrees of freedom for
each component and applicable cross-correlated uncertainties, and sensitivity
coefficients.

Note that the above recommended procedures group the detailed steps recommended in
Section 8 (JCGM, 100:2008) as follows:
•
•
•
•

Procedure 1 above includes steps 1, 2, and 5
Procedure 2 above includes steps 3 and 4
Procedure 3 above includes step 6
Procedure 4 above includes steps 7 and 8

The implementation of the Guide assumes that the result of a measurement has been
corrected for all recognized significant systematic effects and that every effort has been made
to identify such effects. In some cases, the uncertainty of a correction for a systematic effect
need not be included in the evaluation of the uncertainty of a measurement result. Although
the uncertainty has been evaluated, it may be ignored if its contribution to the combined
standard uncertainty of the measurement result is insignificant. In order to decide if a
measurement system is functioning properly, the experimentally observed variability of its
output values, as measured by their observed standard deviation (end-to-end approach in the
AIAA, 1005 terminology), is often compared with the predicted standard deviation obtained by
combining the various uncertainty components that characterize the measurement. In such
cases, only those components (whether obtained from type A or type B evaluations) that could
contribute to the experimentally observed variability of these output values should be
considered.
It is recommended that a preliminary uncertainty analysis be done before
measurements are taken. This procedure allows corrective action to be taken prior to
acquiring measurements to reduce uncertainties. The pre-test uncertainty analysis is based on
data and information that exist before the test, such as calibration, histories, previous tests
with similar instrumentation, prior measurement uncertainty analysis, expert opinions, and, if
necessary, special tests. Pre-test analysis determines if the measurement result can be
measured with sufficient accuracy, to compare alternative instrumentation and experimental
procedures, and to determine corrective action. Corrective action resulting from pre-test
analysis may include:
(a)
(b)
(c)

Improvements to instrument calibrations if systematic uncertainties are unacceptable
Selection of a different measurement method to obtain the parameter of interest
Repeated testing and/or increased sample sizes if uncertainties are unacceptable

Cost and time may dictate the choice of the corrective action. If corrective action
cannot be taken, there may be a high risk that test objectives will not be met because of the
large uncertainty interval, and cancellation of the test should be a consideration. Post-test
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analysis validates the pre-test analysis, provides data for validity checks, and provides a
statistical basis for comparing test results.
Mistakes in recording or analysing data can introduce a significant error in the result
of a measurement. Major mistakes can usually be identified by a proper review of the data.
Measures of uncertainty are not intended to account for such mistakes. Although JCGM
(100:2008) provides a framework for assessing uncertainty, it cannot substitute for critical
thinking, intellectual honesty, and professional skill. The quality and utility of the uncertainty
quoted for the result of a measurement therefore ultimately depend on the understanding,
critical analysis and integrity of those who contribute to the assignment of its value. For each
measured result the uncertainty should be reported as indicated in Section 7 of JCGM
(100:2008). When reporting the result of a measurement and its uncertainty, it is preferable to
err on the side of providing too much information rather than too little. Details of the
uncertainty analysis should be documented either in an appendix to the primary test report or
in a separate document.
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APPENDIX B

DISCHARGE UNCERTAINTY EXAMPLE: WEIGHING AND TIMING
MEASUREMENTS OF DISCHARGE
B.1

Introduction

This example demonstrates the application of the GUM to a laboratory
measurement of discharge. Discharge measurements, like all measurements, are an
approximation of the “true” values. The uncertainty must be quantified to give a
complete measurement result (Taylor and Kuyatt, 1994). The uncertainty of a discharge
measurement is dependent on the instrumentation, method, environmental conditions,
and care with which the measurement is made.
Several different types of instrumentation and techniques can be used to
measure discharge in a laboratory. Depending on the instrumentation, measurement
techniques, and flow conditions, the computation of discharge and its associated
uncertainty can be relatively simple or complex. The measurement of discharge by
timing of a flow into a container and weighing the flow captured by the container is a
relatively simple method of measuring a laboratory discharge. For this simple discharge
measurement method, the estimation of the measurement uncertainty will be presented
for three measured discharges, demonstrating the application of methods
recommended by GUM for computing uncertainty.
The example demonstrates that uncertainty can be computed using a
combination of measurement data and information from instrumentation specifications
and laboratory conditions. It also illustrates that repeated measurements (increased
sampling) can be used to reduce the uncertainty of the final (or averaged)
measurement.
This example broadly follows the general steps of the GUM: (1) understanding
the measurement process and expressing the functional relationship between the
measurand and the measured input quantities; (2) identifying and estimating the
contributing sources of uncertainty to the measurand, including those that may not be
explicitly expressed in the functional relationship; (3) combining the standard
uncertainties into the combined uncertainty by determining sensitivity coefficients and
combining the standard uncertainties using a first-order Taylor series approximation of
the functional relationship; and (4) reporting the expanded uncertainty and
measurement result using one of the recommended GUM formats. The steps are
presented herein as: (1) the functional relationship and the measurement process for a
weighing and timing measurement of discharge, (2) the identification and estimation of
the uncertainty sources, (3) the formulation of the combined uncertainty equation, and
(4) the computation (and reporting) of the measurement uncertainty for single and
multiple measurements of discharge.
B.2

Estimating Measurement Uncertainty

As presented in previous sections, GUM classifies standard uncertainties either
as type A, computed from measured data, or type B, estimated by methods not using
measured data. Generally, random effects are captured by a type A uncertainty and
systematic effects are captured by a type B uncertainty. Exceptions to the generalization
can occur, and random effects may be estimated using a type B uncertainty, while
systematic effects may be estimated from the statistical analysis of measurement data
(type A). Depending on the availability of measurement data, an uncertainty estimate
might consist of only type B uncertainties.
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Sources of uncertainty can change from being either random or systematic,
depending on the measurement process. For example, if a group of discharge
measurements is made by an individual technician, the technician contributes a
systematic uncertainty to the discharge measurements, but if the group of discharge
measurements is made by many different technicians, the technicians contribute a
random uncertainty to the discharge measurements.
Standard uncertainties assume that uncertainties can be “modelled by
probability distributions quantified by variances and standard deviations” (UKAS, 2007).
Regardless of the source of uncertainty, the standard deviation is defined as the
standard uncertainty. If data are available from which a standard deviation can be
computed (type A uncertainty), a normal distribution is typically assumed. If other
sources of information are used to determine the standard uncertainty (type B
uncertainty), other probability distributions may be used. This may require additional
processing to convert the initial information for type B uncertainties into a form that is
equivalent to one standard deviation for the population. The processing required is
dependent on the type of probability distribution that is assumed such as, triangular,
rectangular or normal.
The combined standard uncertainty, uc, is computed from the individual standard
uncertainties using equation 7 (in section 2) or equation 10 (in section 2). Similar to a
standard deviation, it covers approximately 68 per cent of the possible measurement
outcomes. The expanded uncertainty, U, computed by equation 12 (in section 2)
typically covers 95 per cent of the possible measurement outcomes and is the combined
standard uncertainty multiplied by a coverage factor that is a function of sample size.
Applying the GUM to a UA without any other guidance can be a daunting task,
especially for novices to UA. Several national standardization and accreditation
agencies have written succinct guides to assist in the application of the GUM to
determining measurement uncertainty. Two such guides that novices to UA will find
helpful are: “The Expression of Uncertainty and Confidence in Measurement” (UKAS,
2007) and “Guidelines for Evaluation and Expressing the Uncertainty of NIST
Measurement Results” (NIST, 1994).
B.3

Functional Relationship and the Measurement Process

The measurement of discharge by weighing and timing a constant flow is often
used to calibrate discharge measuring devices, such as small flumes, in hydraulic
laboratories. The measurement of discharge by timing and weighing a captured amount
of water is computed from:

Q=

(w2 − w1 )
γt

(B.1)

where Q is the discharge in volume per unit time, w is the weight of the container and
water, t is the elapsed time, and γ is the specific weight of water. The subscripts 1 and
2 indicate the initial and final weight measurement, respectively. The specific weight of
water can be computed from γ = ρg where g is the acceleration due to gravity and ρ is
the density of water. Because weight is defined as a force in the technical setting of the
hydraulic laboratory (Thompson and Taylor, 2008), specific weight is defined as force
per volume.
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The uncertainty of a discharge measurement by weighing and timing is
dependent on the data reduction equation, what instrumentation is used and how the
measurement is made. Equation B.1 is the data reduction equation. From this equation,
sensitivity factors for uncertainty sources can be computed. Information on the accuracy
and resolution of the instrumentation used to make the measurements, the values used
for the acceleration due to gravity and water density and the process used in the
laboratory to make the measurement are necessary to compute the uncertainty of the
measurement.
The discharge is measured in an indoor hydraulic laboratory at the exit of the
small flume test stand. The small flume test stand allows the flow exiting from the flume
to be diverted by a laboratory technician into a large drum. The measurement process
starts with the empty drum being weighed by laboratory staff to determine the initial
weight. The initial weight is recorded by hand in a log book. The flow is then diverted
into the drum and timed manually by laboratory staff until the flow is diverted away from
the drum. The drum is again weighed by laboratory staff to determine the final weight.
The elapsed time and final drum weight are recorded in the log book. A valve on the
drum is then opened to allow it to empty. The data recorded for the measurement are
the initial weight, final weight and elapsed time. The discharge is computed using
equation B.1 and assuming γ = 9.8067 kN/m3 (62.43 lb/ft3).
A hand-held stop watch is used to time the filling of the drum. An electronic floor
scale is used to weigh the drum and water. The flow through the flume is supplied by a
pump system that uses a constant head tank. The discharge measurements are made
in a laboratory that is heated in the winter but is not air conditioned. Air temperatures in
the laboratory range annually from about 15 to 400C and water temperature at the time
of the experiment is not measured.
B.4

Identification and Estimation of Sources of Uncertainty

Sources of uncertainty for the discharge measurement include the accuracy and
resolution of the floor scale, the accuracy and resolution of the stop watch, the
laboratory staff, the steadiness of the flow, and the accuracy of the values used for the
acceleration of gravity and water density. Temperatures of the water and the air are not
measured during the discharge measurement and may affect the uncertainty of the
instruments used and the discharge measured.
B.4.1 Time and weight
A stop watch is used to measure the time, t, in seconds to fill the drum. It has a
manufacturer’s accuracy of ± 5 s/day, a resolution of 0.01 s and an operating
temperature range of 1 to 59°C.
An industrial floor scale with a digital readout is used to weigh the empty and
filled drum and has a manufacturer’s accuracy of ± 0.1 kg ( ± 0.2 lbs) and a display
resolution of 0.1 kg (0.2 lbs). The scale’s digital display shows a rounded representation
of the analogue measurement resulting in a measurement resolution of one-half of the
digits displayed (display resolution), 0.5 X 0.1 kg = 0.05 kg. The scale has an operating
temperature range of -10 to 40°C. As the same scale is used to make both weight
measurements, the uncertainties for w1 and w2 are correlated. Table B.1 summarizes
the available manufacturer information on the stop watch and floor scale used in the
discharge measurement.
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Table B.1 Information from manufacturer specifications for uncertainty analysis.
Instrument

Operating
temperature
range °C

Range

Accuracy

Display
Resolution

Floor Scale

-10 to 40

226.8 kg

0.1 kg

0.1 kg

Stop Watch

1 to 59

9h 59m 59.99s

0.0058%

0.01 s

B.4.2 Specific weight
The specific weight of water used to compute water volume from weight, γ =
9.8067 kN/m3 (62.43 lb/ft3) is based on the standard acceleration of gravity of 9.80665
m/s2 (32.174 ft/s2) and the density of water at 4°C. Local gravity is related to latitude and
can
be
estimated
from
the
NOAA
surface
gravity
prediction
map
(www.ngs.noaa.gov/cgi). The hydraulic laboratory is 25 ft above mean sea level and is
located at latitude 300 20’ 06” and longitude 890 30’ 32”. Using the NGS, NOAA
calculator, local acceleration of gravity is estimated as 9.79336 m/s2 (32.13045 ft/s2);
about +0.136 per cent difference with the standard value. The laboratory water supply is
pumped from an outdoor constant-head tank. Water temperature measurements are not
made during the discharge measurement. It is estimated that the laboratory water
temperature could range from 10 to 30°C over a year. The uncertainty on the volume of
water measured due to not correcting for temperature effects on water density range
from +0.023 per cent to +0.431 per cent. This results in under measuring the volumetric
discharge. The estimated mean value of the specific weight during discharge
measurements is 9.7712 kN/m3 (62.202475 lb/ft3)and varies from 9.7911 kN/m3 to
9.7514 kN/m3 (62.329 to 62.076 lb/ft3) The uncertainty due to using a specific weight of
water of 9.8067 kN/m3 (62.43 lb/ft3) is summarized in table B.2.
Table B.2 Percentage difference in specific weight of water from using standard
gravity and water density at 4°C
o

C

Specific Weight,
standard gravity
(kN/m3 )

Percentage
difference due
to temperature

Specific
weight, local
gravity (kN/m3)

Percentage
difference with
standard value

4

9.8067 (std value)

0.003

9.7934

0.139

10

9.8044

0.026

9.7911

0.162

20

9.7918

0.154

9.7786

0.290

30

9.7646

0.434

9.7514

0.570

B.4.3. Repeatability of discharge measurements
Data from previous discharge measurements are available and can be used to
estimate the standard uncertainty associated with the repeatability of the discharge
measurement. Repeatability of the measurement is dependent on the steadiness of the
flow and the skill of the laboratory staff operating the stop watch and diverting the flow.
Standard deviations computed from prior experiments with replicated discharge
measurements are plotted with mean flow rate in figure B.1. Figure B.1 contains
discharge measurements from 109 discharge measurements that were obtained for 11
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STANDARD DEVIATION IN M3/S

flume calibrations. The measured discharges range from 2.832 x 10-4 m3/s to 15.574 x
10-4 m3/s (0.01 to 0.55 ft3/s).

0.0003
0.00025
0.0002
0.00015
0.0001
0.00005
0
0

0.005

0.01

0.015

0.02

MEAN DISCHARGE IN M3/S
Figure B.1 - Standard deviations from previously repeated measurements plotted versus
mean discharge
B.5

Formulating the Combined Uncertainty Estimate

The combined uncertainty estimate uses a first-order Taylor series approximation to
combine the individual sources of uncertainty. Before squaring the standard
uncertainties, they are multiplied by sensitivity coefficients. Sensitivity coefficients, ci ,
for each input in equation B.1 can be computed by taking partial derivation with respect
to each input.

∂Q
1
= cw 2 =
∂w2
ρgt

(B.2)

∂Q
−1
= cw1 =
∂w1
ρgt

(B.3)

∂Q
− (w2 − w1 )
= ct =
∂t
ρgt 2

(B.4)

∂Q
− (w2 − w1 )
= cγ =
γ 2t
∂γ

(B.5)

Each standard uncertainty is multiplied by the appropriate sensitivity coefficient.
This ensures that all the standard uncertainties will be expressed in a common unit. For
this example the common unit is discharge in m3/s.
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The estimated combined uncertainty is a function of the discharge and the
duration of the test as well as the standard uncertainties of the input variables in
equation B.1. From previous measurements, it is also known that the flume discharge
measurements have significant variability at a fixed flow rate that results from
unintentional operating errors, splashing water out of the drum when diverting the flow
and timing the filling of the drum. Using equation 10 from section 2.2.2.4 with the input
variables from the data reduction equation B.1, and the uncertainty from the
measurement repeatability that captures the unintentional operator errors, the estimated
combined uncertainty equation is:

uc2 ( y) = cw2 2 u 2 (w2) + cw21u 2 (w1) + ct2 u 2 (t ) + cγ2 u 2 (γ ) + 2cw2 cw1u(w2, w1) + cq2 u 2 (q' )

(B.6)

The first three terms on the right-hand side of the equation can be expanded to
include the small accuracy and resolution effects from the instruments used.

u 2 ( w2) = u 2 ( w2 a ) + u 2 ( w2 r )

(B.7)

u 2 ( w1) = u 2 ( w1a ) + u 2 ( w1r )

(B.8)

u 2 (t ) = u 2 (t a ) + u 2 (t r )

(B.9)

The uncertainty terms subscripted with a represent the accuracy (or systematic)
effects of the instruments and terms subscripted with r represent the uncertainty from
the resolution of the instrument. The fourth term on the right-hand side of the equation,
the uncertainty of the value used for specific weight, includes the effects of using a
value of specific weight that is too large and ignoring the effects of water temperature
variation on water density. It can be expanded as:

u 2 (γ ) = u 2 (γ ) + u 2 (γ ′)

(B.10)

where γ is the difference between the average “true” specific weight and the value
used, and γ ′ is the uncertainty due to the water temperature variation from the average
temperature of the laboratory water.
Equation B.6 can be rewritten using the expanded equations for the four terms as:

u c2 ( y) = c w2 2 u 2 ( w2 a ) + c w21u 2 ( w1a ) + ct2 u 2 (t a ) + c w2 2 u 2 ( w2 r ) + c w21u 2 ( w1r ) + ct2 u 2 (t r ) + cγ2 u 2 (γ )
+ cγ2 u 2 (γ ′) + cq2 u 2 (q' ) + 2c w2 c w1u ( w1, w2)

(B.11)

The last term in equation B.11 is the correlated uncertainty resulting from using
the same scale for measuring the initial and final weight. The first six right-hand terms
are type B uncertainties estimated from the manufacturer instrument specification for
accuracy and resolution.
The uncertainty contributed by the repeatability of the measurement, u (q ' ) , is
the only standard uncertainty estimated using measured data (type A). This term
includes effects from technician skill, flow steadiness, and the process of diverting the
flow during the measurement that are not represented in the other terms and are
important contributions to the measurement uncertainty.

35

GUIDELINES FOR THE ASSESSMENT OF UNCERTAINTY FOR HYDROMETRIC MEASUREMENT

Equation B.11 can be simplified. Because the same scale is used for all the
weighing measurements, the weighing terms can be rearranged and combined. The
standard
uncertainties
for
weighing
are
equal:
u(w2 a ) = u(w1a ) and

u(wr ) = u(w2 r ) = u(w1r ) . The correlated uncertainty (covariance) can be rewritten as

u w2 w1 = u(w2 a ) × u(w1a ) = u 2 (w2 a ) . Using equations B.2 and B.3, the sensitivity
coefficients for weighing can be written as, c w = c w 2 = −c w1 and c w 2 c w1 = −c w . The
correlation of the instrument accuracy (or systematic) uncertainty between the two
measurements is negative, and results in the accuracy uncertainties from weighing not
contributing to the combined uncertainty of the discharge measurement. The random
uncertainties of the two measurements are additive. Equation B.11 can been rearranged
as,
2

uc2 ( y) = 2cw2 ' u 2 (wr ) + ct2 u 2 (t a ) + ct2 u'2 (t r ) + cγ2 u 2 (γ ) + cγ2 u 2 (γ ′) + cq2 u 2 (q' )

(B.12)

In equation B.12, each standard uncertainty, u i , is computed by:

ui =

ai
Divisor

(B.13)

where ai is assumed to be either the limits within which the true value will lie or a
standard deviation. The Divisor is the value by which ai can be divided to yield the
standard deviation for the probability distribution assumed for the i-th source of
uncertainty.
A rectangular distribution is assumed for the resolution of weighing and timing
and for the accuracy specification of the scales and stop watch. In the absence of
information on the probability distribution, the manufacturer’s specifications are
assumed to be the limits of their respective probability distributions. Similarly, the range
of specific weight due to the effect of variable water temperature is also assumed to
have a rectangular probability distribution. The uncertainty due to the systematic error in
the specific weight is assumed to have a triangular distribution, because the estimated
value of the true specific weight is most likely to be very near the true value. A normal
distribution is used for the discharge repeatability term, because this value is based on
measured data having a normal probability distribution.
B.6

Computing the Uncertainty of a Discharge Measurement Determined by a
Single Sample

The estimated uncertainties for discharge measurements of 3.681x10-4 m3/s,
54.085 x 10-4 m3/s, and 147.248 x 10-4 m3/s (0.013 ft3/s, 0.191 ft3/s, and 0.520 ft3/s)
obtained from a single weighing and timing of the flow are computed using equation
B.12. Instrument specifications, information on specific weight variation, and existing
discharge measurement data are used to estimate the individual standard uncertainties
in equation B.12.
The existing discharge data is typical of what arises in practice. Many older
measurements are available but differ slightly from the current measurement. For any
given measurement condition only a small number of repeated measurements are made
under exactly the same conditions. The data collected at approximately the same
discharges, listed in table B.3, are used to compute pooled statistics for the standard
deviation due to measurement repeatability.
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Table B.3 - Measured data used for computing pooled statistics for estimating
repeatability uncertainties. [n, number of samples; std. dev., standard deviation]
Discharge measurement in m3/s
3.681x10-4
54.085 x 10-4
3
Pooled data in m /s
Pooled data in m3/s
n Mean
std. dev.
n mean
std. dev.

147.248 x 10-4
Pooled data in m3/s
n mean
std. dev.

3

3.66x10

-4

9.447x10

-6

4

4.94x10

-3

3.396x10

-5

5

1.35x10

-2

1.372x10

-4

3

3.76x10

-4

6.579x10

-6

3

5.59x10

-3

9.578x10

-6

5

1.50x10

-2

1.250x10

-4

3

3.52x10

-4

1.825x10

-6

3

5.40x10

-3

1.199x10

-5

5

1.47x10

-2

2.785x10

-4

3

3.43x10

-4

2.286x10

-6

3

4.94x10

-3

4.486x10

-5

5

1.36x10

-2

5.925x10

-5

5

3.27x10

-4

7.406x10

-7

3

5.33x10

-3

7.048x10

-5

5

1.45x10

-2

8.189x10

-5

5

3.20x10

-4

4.350x10

-6

3

5.06x10

-3

1.650x10

-5

5

1.37x10

-2

2.347x10

-4

3

3.33x10

-4

4.424x10

-6

5

5.11x10

-3

2.429x10

-5

7

1.33x10

-2

1.535x10

-4

3

3.44x10

-4

3.602x10

-6

5

5.78x10

-3

2.161x10

-5

7

1.56x10

-2

2.214x10

-4

3

5.15x10

-3

1.174x10

-5

8

1.57x10

-2

1.957x10

-4

5

1.55x10

-2

7.572x10

-5

3

1.34x10

-2

3.594x10

-5

3

1.54x10

-2

8.443x10

-5

3

1.53x10

-2

3.063x10

-5

For each discharge, the estimated standard deviation of the repeatability at a given
discharge can be computed from a pooled variance:
M

u 2 (q 'p ) =

∑ (n
k =1

k

− 1)u 2 (q k' )
(B.14)

M

∑ (n
k =1

k

− 1)

where M is the number of different conditions, u 2 (q 'p ) , is the pooled variance and

u 2 ( q k' ) is a variance for the kth condition. The pooled standard deviation computed from

the square root of the variance, is listed for each discharge for which the uncertainty is
to be computed in table B.4 along with the pooled degrees of freedom and the student’s
t value for a 95 per cent confidence interval.
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Table B.4 - Pooled statistics for the uncertainty due to repeatability
Discharge m3/s
3.681x10-4
54.085 x 10-4
147.248 x 10-4

Degrees of
freedom
20
23
53

Pooled standard
deviation m3/s
3.897x10-6
1.688 x 10-5
1.485 x 10-4

Student’s t
2.086
2.069
2.000

Tables B.5 through B.7 summarize the uncertainty computations for a single
measurement (one sample) in m3/s for three different discharges: 3.681x10-4, 54.085 x
10-4 m3/s, and 147.248 x 10-4 m3/s (0.013 ft3/s, 0.191 ft3/s, and 0.520 ft3/s). Table rows 1
through 6 correspond to each term on the right-hand side of equation B.12. The
rightmost column, except in the last two rows, contains the contribution of each term to
the combined uncertainty. The combined uncertainty, in table row 7, is computed using
equation 10 (in section 2).
The uncorrected specific weight value contributes uncertainty from the effects of
temperature variation and from the bias in the values used. The uncorrected specific
weight mean bias is the difference between the unused value and the most likely true
value for specific weight, 9.7712 kN/m3.
The coverage factor, k, used to compute the expanded uncertainty, is dependent
on the effective sample size. A coverage factor of 2 is appropriate when the
uncertainties are based on large sample sizes (n ≥ 30) and a 95 per cent confidence
interval. For small sample sizes, student’s t distribution is used to determine the
coverage factor. The type A standard uncertainty for measurement repeatability has a
known sample size. For the type B standard uncertainties used, the sample size is
assumed to be infinite.
For the largest discharge, all standard uncertainties used to compute the
combined uncertainty are based on large sample sizes. For the two smaller discharges,
the effective sample size for the uncertainty contribution from the repeatability term is
smaller than 30. The type B standard uncertainties contribute values of 0 to the
summation in the denominator. For these situations the effective degrees of freedom
are computed using equation 12 (in section 2), the Welch-Satterthwaite formula. The
only non-zero term in the denominator is computed from the pooled statistics from
repeated discharge measurements, which are listed in table B.4. For a discharge of
3.681x10-4 m3/s the effective degrees of freedom from the Welch-Satterthwaite formula
are:

veff

(3.89 × 10 )
=

−6 4

⎛ 3.89 × 10 −6
⎜⎜
20
⎝

⎞
⎟⎟
⎠

= 20

and for 54.085 x 10-4 m3/s the degrees of freedom are:

veff =

(1.69 × 10 )

−5 4

⎛ 1.69 × 10 −5 −6
⎜
⎜
23
⎝

⎞
⎟
⎟
⎠

= 23 .
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For the effective degrees of freedom, 20 and 23, the student’s t values for a 95
per cent confidence interval give the coverage factors of 2.09 and 2.07 respectively.
The expanded uncertainties are computed by multiplying the combined
uncertainty with a coverage factor to yield a 95 per cent confidence interval. The
expanded uncertainties, in table row 8, are reported to 2 significant figures in units of
m3/s and per cent. The quality of the data used to compute expanded uncertainty rarely
justifies reporting more than 2 significant figures (UKAS, 2007, p. 21).
Table B.5 Example of computing the uncertainty for: Q=3.681x10-4 m3/s,
t= 63.3 s, W2-W1=(24.0-0.0)kg
Source of
uncertainty
Correlated
resolution of 2
weights
Stop watch
accuracy
Stop watch
resolution
Uncorrected
specific weight
mean bias
Uncorrected
specific weight
variation due to
temperature
Repeatability
Combined
uncertainty
m3/s
Expanded
uncertainty
m3/s, k=2.09

ai,Value

Probability
distribution

0.05 kg

rectangular

0.0058%
0.01 sec

Divisor

c i,
Sensitivity
coefficient

Contribution
to uncertainty
(m3/s)

3

1.6109 x10-6

6.5764 x10-8

rectangular

3

6.1179 x10-7

1.2968 x10-9

rectangular

3

6.1179 x10-7

3.5322 x10-9

35.741 N/m3

triangular

6

3.949 x10-9

5.7622 x10-8

19.8802 N/m3

rectangular

3

3.949 x10-9

4.5327 x10-8

3.897x10-6 m3/s

normal

1.0

3.897 x10-6

1

3.89 x10-6
8.1 x10-6
(2.2%)
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Table B.6 - Example of computing uncertainty for: Q=54.085 x10-4 m3/s, t=34.6s,
W2-W1=(187.7-1.0)kg
Source of
uncertainty
Correlated
resolution of 2
weights
Stop watch
accuracy
Stop watch
resolution
Uncorrected
specific weight
mean bias
Uncorrected
specific weight
variation due to
temperature
Repeatability
Combined
uncertainty m3/s
Expanded
uncertainty
m3/s, k =2.07

ai,Value

Probability
distribution

0.05 kg

rectangular

0.0058%
0.01 sec
35.741 N/m3

19.8802 N/m3
1.688x10-5 m3/s

c i,
Sensitivity
coefficient

Contribution
to uncertainty
(m3/s)

3

2.9471x10-6

1.2032 x10-7

rectangular

3

1.5903x10-5

1.8425 x10-8

rectangular

3

1.5903x10-5

9.1813 x10-8

triangular

6

5.6107x10-8

8.1868 x10-7

rectangular

3

5.6107x10-8

6.4399 x10-7

1.0

1.688x10-5

normal

Divisor

1

1.69x10-5
3.5 x10-5
(0.65%)

Table B.7 Example of computing uncertainty for: Q=147.2476 x10-4 m3/s, t=12.49s,
W2-W1=(185.1-1.2)kg
Source of
uncertainty
Correlated
resolution of 2
weights
Stop
watch
accuracy
Stop
watch
resolution
Uncorrected
specific weight
mean bias
Uncorrected
specific weight
variation due to
temperature
Repeatability
Combined
uncertainty m3/s
Expanded
uncertainty
m3/s, k =2.00

ai,Value

Probability
distribution

0.05 kg

Rectangular

0.0058%

Divisor

c i,
Sensitivity
coefficient

Contribution
to uncertainty
(m3/s)

3

8.1642x10-6

3.3330 x10-7

Rectangular

3

1.202x10-4

5.0273 x10-8

0.01 sec

Rectangular

3

1.202x10-4

6.9397 x10-7

35.741 N/m3

Triangular

6

1.5309x10-7

2.2338 x10-6

19.8802 N/m3

Rectangular

3

1.5309x10-7

1.7571 x10-6

1.485x10-4 m3/s

Normal

1.0

1.485x10-4

1

1.48x10-4
2.97 x10-4
(2.0%)
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The combined uncertainty for a single discharge measurement, computed in tables 3
through 5, is plotted in figure B.2 as a function of discharge. The plot shows that the
uncertainty in m3/s of an individual discharge measurement increases with discharge.
The combined uncertainty is dominated by the uncertainty contribution from the
repeatability of the discharge measurement.

UNCERTAINTY IN M3/s

0.00035
0.0003
0.00025
0.0002
0.00015
0.0001
0.00005
0
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

DISCHARGE IN M3/S
Figure B.2 - Uncertainty for laboratory discharge by weighing.
B.7

Computing the Uncertainty of a Discharge Measurement Determined by
Three Samples

Multiple samples or measurements at the same discharge can be used to
reduce the uncertainty of the discharge measurement when there is significant variation
in repeated measurements. When multiple samples are used, the measured discharge
is the average of the repeated discharge measurements. The standard uncertainty
contributed by the repeatability to the discharge measurement is reduced by a factor of

1

n

where n is the number of individual measurements made at a set discharge

(UKAS, 2007, p. 19). Table B.6 lists the computed uncertainties of the discharge
measurement when three measurements (or samples) are made at a set discharge.
Uncertainty of the measured discharge is reduced by approximately 30% when three
repeated measurements are averaged (figure B.3).
Table B.6 - Effect of repeating the discharge measurement three times on
discharge uncertainty
Discharge
(m3/s)

Number of
measurements

3.681x10-4
54.085 x10-4
147.2476 x10-4

3
3
3

Standard uncertainty
for repeatability
(m3/s)
2.250 x 10-6
9.75 x 10-6
8.57 x 10-5

Combined
uncertainty
(m3/s)
2.250x 10-6
9.8 x 10-6
8.58 x 10-5

Expanded
uncertainty
(per cent)
1.3
0.49
1.2

Expanded Uncertianty in Percent
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2.5
1 measurement

2

3 measurements

1.5
1
0.5
0
0

0.005

0.01

0.015

3

Discharge in m /s
Figure B.3 - Effect of increasing number of measurements made at a discharge on
expanded uncertainty
B.5

Summary

The uncertainty analysis can be used to estimate the uncertainty of a laboratory
discharge measurement using the weighing and timing method. The GUM method uses
type A and type B classifications of uncertainty instead of random and systematic.
However, the different terminology does not alter the methodology or result that
organizations such as AIAA and ASME have adopted. To determine the individual
standard uncertainties, information on the measurement process and instrumentation
used is needed. Repeated measurement data is also helpful in determining the
uncertainty due to random effects but can be estimated by other means if necessary.
The discharge measurement example demonstrates that uncertainty can be computed
using a combination of measurement data and information from instrumentation
specifications and laboratory conditions. It also illustrates that repeated measurements
can be used to reduce the uncertainty of the final (or averaged) measurement.
B.6
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APPENDIX C

DISCHARGE UNCERTAINTY EXAMPLE: WADING MEASUREMENTS OF
DISCHARGE USING A POINT VELOCITY METER AND THE VELOCITY-AREA
C.1

Introduction

This example demonstrates the application of the GUM to a single discharge
measurement made with a point velocity meter in the uncontrolled environment of a
natural stream. In a previous section, an example of computing the uncertainty of a
weighing discharge measurement made in the controlled conditions of a hydraulic
laboratory was presented.
The general steps to estimate uncertainty using the GUM for a measurement
include: (1) understanding the measurement process and expressing the functional
relationship between the measurand and the measured input quantities; (2) identifying
and estimating the contributing sources of uncertainty to the measurand, including those
that may not be explicitly expressed in the functional relationship; (3) combining the
standard uncertainties into the combined uncertainty by determining sensitivity
coefficients and combining the standard uncertainties using a first-order Taylor series
approximation of the functional relationship; and (4) reporting the expanded uncertainty
and measurement result using one of the recommended GUM formats. The GUM
approach for computing the measurement uncertainty of a single discharge
measurement made with a point velocity meter and the velocity-area method, broadly
following the order of the general steps, is investigated and illustrated herein. The
functional relationship used to compute discharge and the discharge measurement
process for a typical wading discharge measurement are presented. The contributing
sources of uncertainty to the measurand and the information available for estimating the
uncertainties are discussed and presented. The equation for combining the various
contributing sources of uncertainty for a typical wading discharge measurement is
formulated and presented. The formulated equation for the combined uncertainties is
used to estimate the uncertainty of a single discharge measurement at four different
stream locations. The resulting estimated uncertainties are compared with estimated
uncertainties computed from repeated discharge measurements made at the stream
locations to determine if the formulated equation adequately explains the measurement
uncertainty.
C.2

Functional Relationship and the Measurement Process

The U.S. Geological Survey and many other national hydrologic services use the
mid-section method to compute discharge from velocity measurements made with a
point velocity meter. The functional relationship or equation used to compute the
discharge is:

Q = (x1 − xlew )d lew vlew

1 N −1
+ ∑ (xi +1 − xi −1 )d i vi + (x rew − x N −1 )d rew v rew
2 i =1

(C.1)

where x is the distance from the horizontal datum, d is the depth and vi is the depth-

averaged velocity for a vertical profile. N is the total number of velocity measurements.
Note that at i=0 and i=N the measurement is located at the left edge of water (lew) and
right edge of water (rew) looking downstream, respectively. The velocity and depth are
usually assumed to be zero at the edge of water, allowing the first and third terms on the
right-hand side of the equation to be ignored. This equation expresses the functional
relationship between the measurand, total discharge Q, and the input quantities that are
physically measured: width, depth and velocity.
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The U.S. Geological Survey measurement process requires discharge
measurements to have at least 20 sub-area measurements and further restricts a subarea to contribute no more than 10 per cent to the total measured discharge. This
restriction is to ensure that the measurement adequately samples the spatial variation in
the depth and velocity in the measured section. The mean velocity is measured in the
profile by assuming a logarithmic velocity profile and by measuring at the 0.2 and 0.8
depths and averaging the two measurements, or by measuring at the 0.6 depth.
Because stream velocities have pulsations over several seconds to a few minutes, the
U.S. Geological Survey requires that velocity measurements be sampled (or measured)
for a duration of at least 40 seconds to give a temporal average velocity.
Typical instrumentation used for a discharge measurement made while wading
includes a tagline that is marked in intervals, a wading rod on which the velocity meter is
fixed and a velocity meter.
C.3

Identifying and Estimating Sources of Uncertainty

Sources of uncertainty for the discharge measurement include the accuracy and
resolution of the instruments used to make the measurement, shallow depths, spatial
resolution of the measurement (the number of sub-areas used to measure the
longitudinal variability of velocity and depth), the steadiness of the flow (water level is
constant during the measurement), cyclical flow pulsations due to turbulence, and the
skill of the operator performing the measurement.
C.3.1 Accuracy and Resolution of Instruments
The width of the measurement section and the location of each velocity and
depth measurement are measured with a tagline marked in units of feet. Taglines used
for the width measurements are usually marked at 1 ft (30.5 cm) intervals or larger.
Accuracy of tagline markings is at least 3 per cent, and is considerably more accurate
than the observation based on the resolution of the tagline. It is left to the stream gauger
to improve the resolution of the measurement by eye. It is customary to record tagline
distances to the nearest 0.1 ft (3 cm) even though the actual marking interval gives a
0.5 ft (15.2 cm) resolution.
Depth measurements are typically made with a wading rod marked in units of
feet at 0.1 ft (3 cm) intervals. Similarly to the tagline, the markings on the rod are
considerably more accurate than the resolution of the markings. Other contributions to
the uncertainty of the depth measurement relate to the skill of the operator and include
not holding the rod plumb during the measurement and poorly estimating the location of
the mean water level in the presence of water surface waves (or oscillations) or water
run up on the rod due to the deceleration of the water on the rod.
Point velocity measurements are typically made in the U.S. Geological Survey
with a mechanical meter (Price AA or Price pygmy) or Flowtracker acoustic meter. For
this paper, only the Price AA and Price pygmy mechanical meter will be considered.
However the accuracy and precision of other point velocity meters could be substituted
for the Price meters in the uncertainty computation for a single discharge measurement
presented herein.
The accuracy of either Price meter is a function of the measured velocity and the
magnitude and duration of flow pulsations. Typically, the meter measures in units of feet
per second (ft/s). At the lowest observable velocities the Price AA has accuracy of ±6

44

GUIDELINES FOR THE ASSESSMENT OF UNCERTIANTY FOR HYDROMETRIC MEASUREMENT

per cent and at velocities higher than 2.2 ft/s (67.1 cm/s) has an accuracy of ±1.5 per
cent. Table 1 lists the accuracy for the Price AA and pygmy meters over a range of
velocities (Thibodeaux, 2007). Based on the number of digits displayed on the standard
USGS rating tables and on the typical display used to time and count the revolutions of
the Price AA meter, the resolution of the velocity meter is 0.01 ft/s (3 mm/s).
Table C.1 - Accuracy of Price mechanical velocity meters as per cent.
Operating
range in ft/s
(cm/s)
Price AA
Pygmy

0.1 - >20
(3 - > 600)
0.1 - >10
(3 - > 300)

Velocity in ft/s (cm/s)
0.75
1.10
1.50
(22.8)
(33.5)
(45.7)

0.25
(7.62)

0.50
(15.0)

>2.20
(67.1)

±6.0%

±3.4%

±2.5%

±2.0%

±1.5%

±1.5%

±6.0%

±3.4%

±2.5%

-

±1.8%

±1.5%

C.3.2 Shallow Depths
The accuracy of the velocity measured by either the Price AA meter or the Price
pygmy meter is adversely affected by shallow water. Rantz (1982) stated that the Price
pygmy meter accuracy was adversely affected when depths were less than 9 cm (0.3 ft)
and the Price AA meter was adversely affected when depths were less than 15 cm (0.5
ft). Laboratory flume investigations by Pierce (1941) found discharges made by Price
meters in shallow depths to vary between 2 and 14 per cent from reference
measurements made by a pitot tube. In practice, depths may be too shallow at only a
few measurement locations in the cross section. The uncertainty from shallow depths
can be estimated by:

a shallow = 0.05∑ q shallow

(C.2)

where qshallow are the subarea discharges measured in depths of less than 15 cm for the
Price AA meter and 6 cm for the Price pygmy meter.
C.3.3 Spatial Resolution of the Measurement
The accuracy of the discharge measurement is affected by the number and
spacing of the depth and velocity measurements made. Kiang and others (2009)
developed the Interpolated Variance Estimator (IVE) to help “determine whether there is
a need for additional sampling”. This method estimates the uncertainty contributed by
the spatial resolution of the depth and velocity measurements in the cross section to the
discharge measurement uncertainty; and “all of the random sources of uncertainty are
accounted for using IVE.”
A similar idea to IVE is to compute only the contribution of spatial resolution to
the uncertainty. The spatial resolution uncertainty contribution is estimated by
computing the difference between the discharge measurement and a discharge
computed from using a reduced number of velocity and depth measurement locations.
This technique is frequently employed by numerical modellers to explore whether their
models have reached numerical convergence. The bounds or range of the uncertainty
due to spatial resolution of the discharge measurement, ares, can be estimated by:
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(C.3)

where QN is the discharge computed with all the measured locations and Qn/2 is the
discharge computed with every other measurement location omitted.
C.3.4 Steadiness of the Flow
Ideally, discharge measurements are made while the discharge is not changing.
If the flow is either increasing or decreasing during the course of making the
measurement, then an additional uncertainty occurs. The uncertainty due to unsteady
flow can be estimated from an existing plot of water level and measured discharges (a
rating curve) for the measurement site or by repeating a sub-area measurement at one
of the first measurement locations in the cross section.
Using an existing rating, the limits for the uncertainty due to increasing or decreasing
discharge can be estimated by:

Q( y 0 ) − Q(y f

aunstready =

)

(C.4)

Qmeasured

Using repeated velocity and depth measurements at one of the initially
measured locations, the limits for the uncertainty due to increasing or decreasing
discharge can be estimated by:

aunsteady =

vi (t 0 )d i (t 0 ) − vi (t f )d i (t f

)
[v (t )d (t ) + v (t )d (t )]
i

0

i

0

i

f

i

(C.5)

f

where subscripts 0 and f denote values at the start and end of the measurement
respectively.
C.3.5 Flow Pulsations
Flow pulsations can contribute uncertainty to a discharge measurement because
the time periods over which the pulsations occur determine the sampling time needed to
measure an accurate time average of the velocity. These flow pulsations are determined
by the channel roughness, slope, surface wind direction, and geometry upstream of and
in the measurement cross section. Pelletier (1988) summarized several studies on the
time period needed for single velocity measurement and found that the
recommendations varied from 60 to 600 seconds for a measurement uncertainty of 4
per cent. However, discharge measurements are rarely composed of only one velocity
measurement. For typical discharge measurements, each velocity measurement is
sampled not only at a different location but at a slightly different time. As a result of the
sampling method, the uncertainty of the discharge measurement due to the pulsations is
a function of the time period over which each velocity measurement is made and the
number of individual velocity measurements taken. Anderson (1961) investigated a
sample of 23 streams and found that for individual velocity measurements over 45
seconds at N verticals the per cent uncertainty (or error) due to flow pulsations for the
total discharge, upluse, can be estimated using:

u pulse =

4.307
N

(C.6)
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C.3.6 Skill of the Operator
The operator making the discharge measurement affects the uncertainty of the
measurement. Slight but repeatable differences in where an operator stands in relation
to the wading rod, how carefully they hold the rod vertically, and the size of the physical
flow disturbance created by standing in the stream near the current meter vary among
skilled operators. The uncertainty due to the operator can be estimated from repeated
measurements made by several operators for steady flow in a uniform cross section.
Earlier work comparing different meter models (Fulford et. al., 1994) found that
operators could contribute an uncertainty of ±2 to ±2.5 per cent, regardless of the type
of point velocity meter used. Table 2 lists standard deviations computed for discharge
measurements made during steady flow conditions at the outdoor flume at the U.S.
Geological Survey Hydrologic Instrumentation Facility at Stennis Space Center, MS.
The variance in the measurements is primarily due to operator differences. The flow
was steady during the measurements. The measurement section was mowed grass
with a smooth even bottom.
Table C.2 - Relative standard deviations for measurements made by eight or nine
operators with six different models of velocity meters for steady flow in a half
trapezoid cross section
Meter model
All six models
Price AA
Price pygmy
Valeport BFM001
Marsh McBirney 2000
Ott C-31
Swoffer
C.4

Number of
measurements
50
8
9
8
8
9
8

Number of
operators
8
8
9
8
8
9
8

Computed standard
deviation in per cent
2.71
2.22
2.27
2.37
2.37
2.35
2.34

Formulating the Combined Uncertainty Estimate

The combined uncertainty estimate uses a first-order Taylor series
approximation of the functional relationship to combine the individual sources of
uncertainty. In practice, this is simply the square root of the sum of the squared
standard uncertainties. The standard uncertainties for the identified uncertainty sources
are the variances of each source and any covariances between sources that are
estimated from the information presented in the previous section. Before squaring the
standard uncertainties, the individual uncertainties are multiplied by sensitivity
coefficients.
For a sub-area discharge at the ith measurement, the functional relationship is:

qi =

1
(xi +1 − xi −1 )d i vi
2

(C.7)

Sensitivity coefficients, c, for each input are found by taking the partial derivatives for
each independent variable in the above equation:
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∂q
1
= cvi = (xi +1 − xi −1 )d i
2
∂ vi

(C.8)

∂q
1
= c di = (xi +1 − xi −1 )vi
∂d i
2

(C.9)

∂q
1
= c xi +1 = vi d i
∂xi +1
2

(C.10)

∂q
1
= c xi −1 = − vi d i
∂xi −1
2

(C.11)

The sensitivity coefficients ensure that all the standard uncertainties will be expressed in
a common unit. For discharge, the common unit is either m3/s or ft3/s. If the standard
uncertainty is already in the common unit, the sensitivity coefficient is 1.
For a sub-area, the combined uncertainty is:

u q2 = cvi2 u 2 (vi ) + cdi2 u 2 (d i ) + c xi2 +1u 2 (xi +1 ) + c xi2 −1u 2 (xi −1 ) + 2c xi +1c xi −1u(xi +1 )u(xi −1 )

(C.12)

Each uncertainty term, u, in the above equation contributes uncertainty from the
accuracy, a, and the resolution, r, of the instrument and may be expanded.

u 2 (vi ) = u 2 (vi ,a ) + u 2 (vi ,r )

(C.13)

u 2 (d i ) = u 2 (d i ,a ) + u 2 (d i ,r )

(C.14)

u 2 (xi ) = u 2 (xi ,a ) + u 2 (xi ,r )

(C.15)

The accuracies of the two width measurements in the sub-area are correlated because
the same tagline is used. Expanding the standard uncertainties to include the
contributions from instrument accuracy and resolution and the correlated uncertainty,
the sub-area combined uncertainty is:

[

]

[

]

[

]

u q2 = cvi2 u 2 (vi ,a ) + u 2 (vi ,r ) + c di2 u 2 (d i ,a ) + u 2 (d i ,r ) + c xi2 +1 u 2 (xi +1,a ) + u 2 (xi +1,r )

[

]

+ c xi2 −1 u 2 (xi −1,a ) + u 2 (xi −1,r ) + 2c xi +1c xi −1u (xi +1,a )u (xi −1,a )

(C.16)
The correlated width terms in the previous equation can be rearranged to give:

[

]

[

]

uq2 = cvi2 u 2 (vi ,a ) + u 2 (vi ,r ) + cdi2 u 2 (di ,a ) + u 2 (di ,r ) + cxi2 +1u 2 (xi+1,r )

(C.17)

Because the resolution of the wading rod markings is much coarser than the accuracy
of the marking placement on the rod, the uncertainty due to the accuracy of the wading
rod and the correlated uncertainty from using the same wading rod throughout the
measurement can be ignored. When summing the sub-areas, the correlated uncertainty
contributed by using the same velocity meter should be considered. Summing the sub-
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areas and including the correlated uncertainties from the velocity meter, the combined
uncertainty for the discharge measurement is:
N −1

[ {

}
[u (v ) + u (v )]+ c

]

U Q2 = ∑ cvi2 u 2 (vi ,a ) + u 2 (vi ,r ) + 2cvi cvi +1u (vi ,a )u (vi +1,a ) + c di2 u 2 (d i ,r )

[

i =1

]

2
+ cv20 u 2 (v0,a ) + u 2 (v0,r ) + cvN

2

N ,a

2

N ,r

2
d0

2
u 2 (d o,r ) + c dN
u (d N ,r )

N

2
2
2
2
+ ∑ c xi2 u 2 (xi ,r ) + cQp
u 2 (Q p ) + cQt
u 2 (Qt ) + cQshallow
u 2 (Qshallow ) + cQres
u 2 (Qres )
i =0

(C.18)

The last three terms include uncertainties due to pulsation of flow, p, unsteadiness of
the flow, t, and the measurement resolution, res. In the above equation, each standard
uncertainty, uj, is computed by:

uj =

aj

Divisor

(C.19)

where aj is assumed to be either the limits within which the true value will lie or a
standard deviation. The Divisor is the value by which aj, can be divided to yield the
standard deviation for the probability distribution assumed for the j-th source of
uncertainty.
C.5

Computing the Uncertainty of a Discharge Measurement

The combined uncertainty equation for a discharge measurement can be used to
estimate the uncertainty in a single discharge measurement. Repeated discharge
measurement data collected for a previous meter study (Fulford et. al., 1994) were
available for the Gibbon River and the Hot River in Yellowstone National Park.
Additional repeated measurements were available for the Jocko River above and below
J canal near Ravalli, Montana. The standard deviation of the repeated measurements
can be computed to use as an estimate of the “true” uncertainty of the measurement.
The resulting estimate can be compared with the uncertainty estimated by the combined
uncertainty equation.
The discharge measurements in Yellowstone National Park were made by
several operators using various models of velocity meters including an electromagnetic
meter, and horizontal- and vertical-axis mechanical meters. The measurements for the
Gibbon River were made by four different operators using six different models of
velocity meters. The measurements for the Hot River were made by four different
operators using eight different models of velocity meters. The uncertainty analyses are
presented for the discharge measurements made with a Price AA meter. A summary of
the discharge measurements is presented in table C.3. No change in water level was
noted during either series of measurements, and discharge was estimated to be
constant.
The discharge measurements in Jocko River near Ravalli Montana were made
by eight different operators. Except for a single measurement made with a Price AA
meter, all measurements were made with a Price pygmy meter. The cross sections
were located upstream and downstream of a canal on the river. A summary of the
discharge measurements is presented in table C.3. No change in water level was noted
during the measurements.
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Table C.3 - Discharge measurements for the Gibbon River and the Hot River in
Yellowstone National Park, Wyoming and Jocko River, upstream and downstream
sections, near Ravalli, Montana
Site
Gibbon
River
Hot
River
Jocko
Canal
US
Jocko
Canal
DS

No. of
subareas

Width
(m)

Mean
Depth
(cm)

Mean
velocity
(cm/s)

Price AA
discharge
(m3/s)

No. of
discharge
measurements

Mean
discharge
(m3/s)

33

13.1

47.6

58.2

3.761

12

3.845

24

2.98

48.00

51.0

0.8314

8

0.8297

30

19.3

56.7

54.3

6.258

7

6.202

28

18.90

37.5

75.1

5.324

8

5.381

The estimated uncertainty for a discharge measurement was computed using
the previous equation, spreadsheet software (Excel), and the estimates of the aj values
for sources of uncertainty. The uncertainty for a single discharge measurement made
with a Price AA meter was computed for the Gibbon and the Hot River. The uncertainty
for a single discharge measurement made with a Price pygmy meter was computed for
the Jocko River upstream and downstream of J canal. Tables C.4 and C.5, for the
Gibbon and Hot Rivers respectively, and tables C.6 and C.7 for the Jocko River
upstream and downstream respectively of J canal, summarize the uncertainty sources,
the aj values, the assumed probability distributions, the Divisor used and the estimate of
the squared standard uncertainty for each term in the equation for the combined
uncertainty of the individual discharge measurements. The tables include the expanded
uncertainty as well as the combined standard uncertainties. The combined standard
uncertainties are the square root of the sum of the squared standard uncertainties. The
expanded combined uncertainty is the combined standard uncertainties multiplied by
the k factor to give the estimate for a 95 per cent confidence interval. For most cases
the use of k=2 is accurate for an uncertainty estimate and that value is used herein. The
aj values are all based on previous information except for the resolution uncertainty and
are not computed using statistical methods. The first five sources in the tables are
computed for a sub-area and summed. The final five sources are estimates that are
computed as a fraction of the total discharge.
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Table C.4 - Summary of uncertainty sources and values used for a single
discharge measurement, Gibbon River in Yellowstone National Park, Wyoming
Source
of aj, Values
uncertainty
Meter accuracy
Table 1
Meter resolution
3 mm/s

Probability
distribution
normal
rectangular

Divisor

Meter correlation
Wading rod

Table 1
3 cm

normal
rectangular

1

Tagline

15.2 cm

rectangular

Shallow depth

5% × Qshallow

Spatial resolution

73.62 x10-3 m3/s

Operator

2% × Qmeasured

Flow pulsation
Unsteady
discharge

28.20 x10-3 m3/s
0

normal

3

3.25 x10-5
4.11 x10-6

3
3

1.56 x10-4

1

1

rectangular
normal

1

normal
-

1
-

c 2j u 2j , in (m3/s)2

3

6.26 x10-5
7.59 x10-5
6.39 x10-5
1.807 x10-3
5.643 x10-3
7.93 x10-4
0.0929 m3/s
(2.5%)
0.186 m3/s
(5.0%)

Combined
uncertainty
Expanded
uncertainty k=2

Table C.5 - Summary of uncertainty sources and values used for a single
discharge measurement, Hot River in Yellowstone National Park, Wyoming
Source
of aj, Values
uncertainty
Meter accuracy
Table 1
Meter resolution
3 mm/s

Probability
distribution
normal
rectangular

Divisor

Meter correlation
Wading rod

Table 1
3 cm

normal
rectangular

1

Tagline

15.2 cm

rectangular

Shallow depth

5% × Qshallow

Spatial resolution

17.27 x10-3 m3/s

Operator

2% × Qmeasured

Flow pulsation
Unsteady
discharge
Combined
uncertainty (m3/s)
Expanded
uncertainty k=2

7.306 x10-3 m3/s
0

normal

3

2.05 x10-6
3.09 x10-7

3
3

8.73 x10-5

1

1

rectangular
normal

1

normal
-

1
-

c 2j u 2j , in (m3/s)2

3

3.99 x10-6
4.38 x10-6
1.13 x10-5
9.95 x10-5
2.77 x10-4
5.34 x10-5
0.0232 m3/s
(2.8%)
0.0464 m3/s
(5.6%)
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Table C.6 - Summary of uncertainty sources and values used for a single
discharge measurement, Jocko Canal, upstream measurement section, Montana
Source
of aj, Values
uncertainty
Meter accuracy
Table 1
Meter resolution
3 mm/s

Probability
distribution
normal
rectangular

Divisor

Meter correlation
Wading rod

Table 1
3 cm

normal
rectangular

1

Tagline

15.2 cm

rectangular

Shallow depth

5% × Qshallow

Spatial resolution

14.13 x10-3 m3/s

Operator

2% × Qmeasured

Flow pulsation
Unsteady
discharge

2.191 x10-3 m3/s
0

normal
rectangular

-

3

1.01 x10-4
1.44 x10-5

3
3

1.53 x10-4

1

1

normal

1

normal

1
-

c 2j u 2j , in (m3/s)2

3

2.00 x10-4
1.54 x10-4
3.77 x10-6
6.65 x10-5
1.57 x10-2
2.349 x10-3
0.137 m3/s (2.2%)

Combined
uncertainty (m3/s)
Expanded
uncertainty k=2

0.274 m3/s (4.4%)

Table C.7 - Summary of uncertainty sources and values used for a single
discharge measurement, Jocko Canal, downstream measurement section,
Montana
Source
of aj, Values
uncertainty
Meter accuracy
Table 1
Meter resolution
3 mm/s

Probability
distribution
normal
rectangular

Divisor

Meter correlation
Wading rod

Table 1
3 cm

normal
rectangular

1

Tagline

15.2 cm

rectangular

Shallow depth

5% × Qshallow

Spatial resolution

32.73 x10-3 m3/s

Operator

2% × Qmeasured

Flow pulsation
Unsteady
discharge
Combined
uncertainty (ft3/s)
Expanded
uncertainty k=2

2.191 x10-3 m3/s
0

normal
rectangular

-

3

7.45 x10-5
6.11 x10-6

3
3

1.53 x10-4

1

1

normal

1

normal

1
-

c 2j u 2j , in (m3/s)2

3

1.46 x10-4
2.00 x10-4
5.53 x10-5
3.57 x10-4
11.382 x10-3
1.703 x10-3
0.119 m3/s (2.2%)
0.237 m3/s (4.5%)
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The computed uncertainties for the four discharge measurements did not vary
much and ranged from 2.8 to 2.2 per cent. The relative contribution of each standard
uncertainty is plotted in figure C.1. The uncertainty contributed by the operator is the
largest source of uncertainty for the Hot, Gibbon, and Jocko River discharge
measurements. Uncertainty from the spatial resolution of the measurement is the
second largest contributor to the combined uncertainty for the Hot and Gibbon River.
For the Jocko River measurements, the uncertainty from flow pulsations is the second
largest contributor to the combined uncertainty. Spatial resolution was an important
uncertainty source for the Jocks River downstream of the J canal, but was not as great
as the uncertainty contributions from the current meter for the Jocko River upstream of
the J canal.
The comparison of the combined uncertainty with the standard deviations
computed from the repeated discharge measurements is listed in table C.6. The
estimated combined uncertainty for the Gibbon River is very nearly the same as the
standard deviation computed from the repeated measurements. The uncertainty
estimates for the Jocko River discharges are about the same value and are within 1 per
cent of the standard deviations computed from the repeated measurements. The
measurements for the Gibbon River and the two locations on the Jocko River have
relatively small uncertainties.

Figure C.1 - The relative contribution of the standard uncertainties in each discharge
measurement
The value of the uncertainty estimate computed for the Hot River is similar to
those computed for the other discharge measurements. It does not compare as well to
the uncertainty estimated from the repeated measurements. The estimated uncertainty
for the Hot River is about half of the computed standard deviation for the repeated
measurements. Obviously, the estimated uncertainty for the Hot River does not capture
all the significant sources of uncertainty in the discharge measurements. The
uncertainty analysis did not include any uncertainty due to operators obstructing the flow
during the measurement. Operators wading the section in the Hot River significantly
obstructed the cross sectional flow area by about 5 per cent of the cross sectional width.
Additionally, the high temperatures of 43.3°C (110°F) and the large number of velocity
measurements made near the boundary may have had adverse effects on meter
performance.
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Table C.6 - Comparison of combined uncertainty estimate with computed
standard deviation of repeated measurements
Site

Combined uncertainty for
single measurement

Repeated measurements

Discharge
(m3/s)

Per cent

No. of
measurements

Discharge
(m3/s)

Per cent

Gibbon River

0.09294

2.5

12

0.1048

2.7

Hot River

0.02321

2.3

8

0.04900

5.9

Jocko Canal
US

0.1369

2.2

7

0.07384

1.2

Jocko Canal

0.1186

2.2

8

0.1755

3.3

C.6

Summary

The GUM uncertainty analysis method was used to develop a combined uncertainty
equation for a single wading discharge measurement using a point velocity meter. Four
discharge measurements were used to demonstrate the use of the uncertainty equation.
For the Gibbon River the combined uncertainty estimate was similar to the standard
deviation computed from repeated discharge measurements at the site. For the Hot
River the combined uncertainty estimate was half the size of the standard deviation
computed from the repeated discharge measurements. The poor estimate is likely due
to the combined uncertainty equation not including the effect of the operator obstructing
the flow during measurement. The combined uncertainty estimates computed for the
Jocko River upstream of J canal and downstream of J canal were the same and were
bracketed by the standard deviations computed from the repeated discharge
measurements at the two cross sections.
C.7
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APPENDIX D
DETERMINATION OF THE DISCHARGE IN A CIRCULAR SEWER PIPE
The uncertainty in the discharge measured in a circular sewer pipe is calculated
using the GUM framework (JCGM 100:2008). For the sake of brevity, only salient calculations
are presented.
D.1

Measurement Process

Consider a circular sewer pipe of radius R (m), equipped with a piezoresistive sensor
(MilltronicsNivuBar) providing the water level h (m) and a Doppler sensor (Milltronics DEK-B
EX/30) for determining the flow velocity U (m/s) through the pipe cross section S (m2), as
shown in Fig. D.1. It is assumed that the pipe is circular and that there are no sediment
deposits or debris on the pipe invert. The discharge Q (m3/s) is then given by the following
functional relationship (Bertrand-Krajewski and Muste 2008)
(D.1)

Figure D.1 - Schematic view of the circular pipe
D.2

Assessment of Uncertainty Sources

The radius, R, is an input variable for which repeated measurements were acquired
in situ. No repeated measurements are available for the water level or the mean flow velocity
in the sewer pipe. Described below are the procedures used to estimate the standard
uncertainties in R, h and U, respectively u(R), u(h) and u(U) using the available information. A
more rigorous uncertainty analysis would require calibration against certified primary or
secondary standards using standardized protocols. This approach can be applied to
instruments for distance measurement, but not for velocity as there is no standard for velocity
measurement. Consequently, in the present paper we have used uncertainty estimates
available from prior measurements for velocity measurement instruments of known/proven
accuracy as substitutes for more accurate calibration protocols.
Estimation of standard uncertainty in the pipe radius. The average pipe radius R was
calculated using n = 4 measurements of the diameter D carried out randomly at various radial
positions in the pipe cross section. The measurements were respectively: 1.002, 1.000, 0.997,
≈ 1000.3 mm and thus the mean radius R =
=
and 1.002 m. The mean value of
0.5001≈ 0.500 m. The standard deviation s of the four values of D is equal to 0.0024 m, so
u(R) = u(

)/2 ≈ 0.0012 m.

Estimation of standard uncertainty in h. The in-situ water-level measurements were
measured with a piezoresistive sensor. The sensor was previously tested in laboratory
conditions (Bertrand-Krajewski and Muste 2008). In essence, the tests used a perspex column
with a class II certified metallic meter as reference, with a standard uncertainty of 0.5 mm as

56	
  

GUIDELINES FOR THE ASSESSMENT OF UNCERTAINTY FOR HYDROMETRIC MEASUREMENT

specified by the manufacturer with an accredited calibration certificate. A total of 60
simultaneous measurements were acquired with the metallic meter and the piezoresistive
sensor for water levels varying
between 0 and 2 m. Using a least-squares regression applied to the measurements collected
at five measurement points, the functional relationship between the measurements with the
2
two alternative instruments, with a residual variance sl = 3.4×10-7 m, was obtained as
(D.2)
where x is the standard reference value and y is the value given by the piezoresistive sensor.
Using equation D.2 it was then possible to relate a piezoresistive sensor
measurement y0 to the corresponding most likely true value of the water level x0, and also to
evaluate its standard uncertainty u(x0). For example, a reading of y0 = 0.701 m would most
likely correspond to:
m

(D.3)

The standard deviation s(x0) of the piezoresistive sensor is the result of two
independent contributions: (i) the uncertainty in the measured value y0, and (ii) the uncertainty
in the functional relationship expressed by the uncertainties in both coefficients s(a) and s(b).
s(x0) is calculated by:

m

(D.4)

Accordingly, adopting u(x0) as s(x0) results in a value of u(x0) ≈ 0.0006 m. The above
results are valid for the range of measurements and conditions tested in the well-controlled
laboratory environment. For measurements taken in situ, the measurement standard
uncertainty is larger than the laboratory estimation because the flow is affected by small free
surface waviness produced by internal (turbulence) and other external perturbations (such as
air currents in the channel or floating material). In addition, there are also uncertainties in the
exact position of the sensor in the sewer. An empirical estimate of these additional sources of
uncertainty, based on visual observations made in various measurement locations in sewers,
is evaluated at about ur = 0.005 m.
The in-situ measurement standard uncertainty u(h) for the piezoresistive sensor is
then obtained from the root sum square of the two elemental uncertainties affecting the sensor
readings:
m.

(D.5)

These variables need to account for additional uncertainty components if the
measurements are taken during storm events when flow unsteadiness and turbulence levels
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are considerable. Preliminary estimates indicate that a value for u(h) as high as 0.015 m can
be obtained for such situations.
Estimation of standard uncertainty in U. The mean flow velocity U is determined by a
Doppler sensor located on the pipe invert. Velocities are estimated using the Doppler shift
developed in the acoustic signal returned to the sensor by suspended particles located in the
volume ensonified by the sensor’s incident beam. The geometry of the beam, the velocity
gradient in the column of water and over the pipe cross section, the flow regime, and the
concentration of the suspended particles in the sewer are among the most important
parameters involved in the velocity measurement process. This detailed estimation level is
beyond the scope of the present paper, hence a more practical approach is taken to give a
first-order assessment of the velocity measurement uncertainty. The simplified approach
determines the mean velocity in the cross section as U = kV, where k is a correction factor
(ideally) accounting for all the above mentioned characteristics. Using this new relationship,
the uncertainty u(U) can be evaluated using the standard uncertainties u(V) and u(k) via the
law of propagation of uncertainties. Even with this analytical simplification, the error estimation
is a complex undertaking as: (a) manufacturers provide estimates for u(V) with limited
relevance to real conditions, and (b) estimates for u(k) are not readily available. Typically,
uncertainty estimates for velocity measurements are determined by manufacturers through
laboratory tests by (i) moving the sensor with a known velocity in a still water basin; or (ii)
conducting measurements in pipe flows with clean water. The limitations of such estimates for
practical implementation are described in Bertrand-Krajewski et al. (2000).
For the present analysis, inferences of the uncertainty of the velocity measurements
with the Doppler sensor are made using previously conducted tests specifically designed for
this purpose. A first test consisted of concurrent measurements in a sewer with the Doppler
sensor looking toward the pipe invert, making measurements along the vertical with a
calibrated propeller velocity meter (Bertrand-Krajewski et al. 2000), and a calibrated OTT
Nautilus C200 velocity meter. Following the acquisition and analysis of such concurrent tests
over a range of flows, we concluded that a conservative first approximation for velocity
standard uncertainty was u(U) = 0.05 m/s, for the range of depths between 0.15 and 0.5 m
and an egg-shaped sewer pipe cross section. In the following calculations, the values of the
input variables are set as follows: R = 0.5 m, u(R) = 0.001 m, h = 0.7 m, u(h) = 0.005 m, U =
0.8 m/s, u(U) = 0.05 m/s. Consequently, according to equation D.1, the discharge Q = 0.47
m3/s.
D.3

Combined Standard Uncertainty
The combined standard and expanded uncertainties can be written as follows.

(D.6)
(D.7)
The input variables are assumed to be uncorrelated. The effective degrees of
freedom for the measurand are obtained using using the corresponding degrees of freedom
. The resulting effective degree of freedom
for each variable (i.e.,
for the measurand is 70256, a large value that for practical purposes can be considered
infinite.

58	
  

D.4

GUIDELINES FOR THE ASSESSMENT OF UNCERTAINTY FOR HYDROMETRIC MEASUREMENT

Result Reporting and Uncertainty Budget

Finally, using equation D.7, the expanded uncertainty based on t-distribution at the
95 per cent level of confidence provides k=2, which subsequently gives U(Q) = 0.06 m3/s,
equivalent to ± 12.6 per cent of the total value. The uncertainty budget for the discharge
measurement is provided in Table D.1.
The numerical values in Equation D.6 indicate that the first term is small compared to
the other terms, meaning that the contribution of the uncertainty in the pipe radius R to the
total uncertainty in Q is negligible. It can be also observed that, for this given set of values, the
uncertainty in the depth makes a much smaller contribution than does the uncertainty in the
velocity. Separate analyses need to be conducted for each particular set of values (R, h, U) to
evaluate the relative contribution of the uncertainties of individual variables to the total
measurand uncertainty. The results calculated above indicate that for the discharge value of
3
=0.47 m /s, the 95 per cent confidence interval uncertainty is [0.41, 0.53]. The calculated
uncertainties are dependent on the mean values, where they are estimated, as the sensitivity
coefficients differ over the measurement range of the input variables. Similar estimations
carried out over the time series of actual measurements in the sewer will indicate that the total
uncertainty of the discharge measurements varies during a multi-peak storm event as shown
in Fig. D.2.
Table D.1 - Uncertainty budget for the discharge estimation
Relative
contribution to
total
uncertainty
(%)

Probability
distribution

Divisor*

Contribution to
the total
uncertainty
(m3/s)

Pipe radius (R)

normal

2

0.00085

0.08

Water level (h)

normal

2

0.0037

1.54

normal

2

0.029

98.38

normal

0.0296

6.3

normal
(k=2)

0.0592

12.6

Source

Mean flow
velocity (U)
Combined
uncertainty
Expanded
uncertainty

Notation

Figure D.2 - Measured hydrograph in a sewer system during a storm event and its 95 per cent
confidence interval uncertainty estimates
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