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FOREWORD

It is now more than twelve years since WMO Technical Note No. 34 The airflow over mountains was
published in response to a request by the fifth session of the Executive Committee for a comprehensive monograph
on the subject of mountain waves. Such was the success of that Technical Note that it has been necessary to reprint

it twice.
The presidents of the Commission for Atmospheric Sciences and the Commission for Aeronautical Meteor-

ology subsequently discussed the possibility of updating Techuical Note No. 34, but came to the conclusion that
since most of the original material therein was still valid, a complementary note should be prepared which would
describe advances in knowledge in the field of mountain waves since Technical Note No. 34 was written. Mr. J. M.

Nicholls, of the United Kingdom, undertook to compile this review of research which has taken place from 1958 up
to 1972 into airflow over mountains. It is emphasized that this publication should be regarded as supplementing and
not superseding Technical Note No. 34.
I should like to congratulate Mr. Nicholls on having succeeded in writing this well-documented review in a
very short time, and on behalf of the Organization to express my appreciation to him and also to the Permanent

Representative of the United Kingdom for the valuable assistance given by the Meteorological Office in the preparation of this Technical Note.

~.,

.. .... .

D. A. Davies
Secretary-General

SUMMARY

The purpose of this publication is to update rather than replace Technical Note No. 34, published under
the same title in 1960. The earlier text reviewed studies prior to 1958 on disturbances in airflow over and downwind of mountainous terrain, whereas the present review summarizes developments since that time.
For convenience, the material is presented in a similar manner to that in the earlier publication. The first
part deals with observational results and field investigations, the second with theoretical results, and the third with
general interpretations of the theoretical and observational results.

The most significant observational development since 1958 has been the collection of data on disturbances
at stratospheric levels. Considerable attention is therefore given to the presentation and interpretation of these data
although. because of the sparsity of stratospheric observations, the interpretation can only be regarded as tentative.
Observations of tropospheric airflow patterns are also described: these have yielded considerably more information
on lee-wave and other flow types. The development of "lee-wave climatology" in some areas and simple forecasting
techniques are also discussed, as are the uses of satellite photography and other sophisticated remote-sensing observational instruments, such as Udar and high-powered radad, for forecasting and research purposes.

Perhaps the most important theoretical development since 1958 has been the investigation of large-amplitude theories to explain such features as rotors beneath lee waves, upstream blocking and hydraulic jumps. However,

important results have also been obtained using the perturbation equations (applied to atmospheric models for
several layers), particularly with respect to three-dimensional flow, stratospheric flow and the derivation of graphical
methods for forecasting lee-wave dimensions. Moreover, theoretical investigations have been made of the production
of turbulence in shear layers, of wave absorption at critical levels and of the energy transferred vertically by lee
waves.

In Part III a summary is given of new knowledge gained since 1958 on the properties of lee waves and
methods of forecasting them, based both on observations and on theoretical considerations. It is recommended that

relevant parts of Technical Note No. 34 be read in conjunction with this section. Emphasis is given to aspects of
interest to aviation.

La presente publication vise davantage it completer et meltre a jour qu'it remplacer la Note technique NO 34
qui a paru SOllS Ie meme titre en 1960. La Note precedente presentait un panorama des etudes effectuees jusqu'en
1958 au sujet des perturbations de l'ecDulement de I'air au-dessus et SOllS Ie vent des zones montagneuses, tandis
que la presente Note fait Ie point des etudes similaires entreprises depuis lars. Pour plus de commodite, on a suivi, en ce
qui concerne la presentation de la nouvelle Note, la meme disposition que dans la precedente publication. La premiere
partie traite des resultats des observations et des recherches sur Ie terrain, la seconde des resultats theoriques, et la
troisieme de I'interpretation generate que l'on petit tirer de ces divers resultats.

En matiere d'observation, Ie fait Ie plus marquant enregistre depuis 1958 a ettS Ie rassemblement de donnees
sur les perturbations de l'ecoulement au sein de la stratosphere. Un soin tout particulier a done ettS apporte la presentation et a !'interpretation de ces donnees, bien qu'en raison de la rarete des observations stratospheriques l'interpnHation ne peut etre considen~e que comme provisoire. Une place est egalement faite aux observations de l'ecoulement dans la troposphere qui ont pennis de recueillir beaucoup plus d'infonnations sur les ondes orographiques et divers
autres regimes d'ecoulement. Le developpement de la "climatologie des ondes orographiques" dans certaines regions
et I'elaboration de methodes simples de prevision des ondes sont egalement abordes de meme que l'utilisation, a des
fms de recherche et de prevision, de la photographie par s~tel1ite et d'autres instruments perfectionnes, tels que lidar
et radars a grande puissance, permettant d'effectuer des observations 11 distance.

a

Le progres Ie plus important realise sur ie plan theorique depuis 1958 a peut-etre ete ['etude des theories
des ondes de grande amplitude pour expliquer un certain nombre de phenomenes tels que les rouleaux observes SOllS
les ondes orographiques, Ie blocage en amont et les ressauts hydrauliques. Toutefois, d'importants resultats ont egalement ettS acquis grace 11 l'application des equations de perturbation (utilisees conjointement avec des modeles de
l'atrnosphere comportant plusieurs couches), notamment en ce qui concerne l'ecoulement trois dimensions, l'ecoulement stratospherique et i'eiaboration de methodes graphiques pour prevoir l'etendue des andes orographiques.
D'autre part, la turbulence engendree au sein des couches de cisaillement, I'absorption des ondes a certains niveaux
critiques et Ie transfert vertical d'energie sous i'action des andes orographiques ant fait l'objet de recherches theoriques.

a

La partie 3 resume les connaissances nouvelles qui ont pu etre acquises depuis 1958, grace aux observations
recuei1lles et aux travaux theoriques effectues, en ce qui concerne les proprietes des ondes orographiques et la prevision de celles-ci. Lorsqu'ils Jiront cette section, les leeteurs sont invites a se reporter aux parties pertinentes de la
Note technique NO 34. La Note souligne les points qui revetent un interet particulier pour la navigation aerienne.
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RESUMEN

EI objeto de esta publicacion es poner al dia la Nota Tecnica No 34 publicada can el mismo titulo en
1960, perc no sustituirla. En el texto anterior 5e exponian deterrninados estudios de las perturbaciones de las
corrientes de aire sabre los terrenos montafiosos y a sotavento de dichos terrenos, anteriores a 1958, mientras que
en la edid6n actual 5e resumen los progresos realizados en e8ta materia desde dicha fecha.
Para mayor comodidad e1 texto 5e presenta en una forma similar a la de la publicaci6n anterior. La primera
parte trata de los resultados de las observaciones e investigaciones reaIizadas sabre e1 terrena, la segunda 5e refiere a
los resultados te6ricos y en la tercera 5e hacen interpretaciones de canicter general de los resultados teoricos y de
observacion.

HI progreso mas significativQ en materia de observaci6n que se ha realizado des de 1958 ha sido la concentraci6n de datos referentes a las perturbaciones que se producen a niveles estratosfericos. Par consiguiente se dedica
gran atencion a la presentacion e interpretacion de dichos datos aunque, debido a la escasez de observaciones estratosfericas, la interpretacion solo puede ser considerada como provisional. Se describen tambien las observaciones de
la estructura del flujo de aire a los niveles troposfericos que han permitido obtener mucha mas informacion sabre
las ondas de sotavento y otros tipos de flujo. Tambien se estudia el desarrollo de la denominada climatologia de las
ondas de sotavento en determinadas zonas, las tecnicas de predicci6n mas sencillas y la utilizaci6n de las fotografias
de los sat6lites y otros complejos instrumentos de observacion a distancia tal como ellidar y el radar de gran potencia, para su aplicaci6n a fines de predicci6n e investigaci6n.
Qui""s el progreso te6rico mas importante que se ha producido desde 1958 haya sido 1a investigacion de
las teorias referentes a las ondas de gran amplitud para explicar determinadas caracterlsticas tales como las nubes
rotor que se producen par debajo de las ondas de sotavento, el efecto de b1oqueo corriente arriba en e1 flujo de
aire y el resalto hidraulico. Sin embargo tambien se han obtenido resultados importantes utilizando las ecuaciones
de perturbacion (aplicadas a los modelos atmosfericos de varias capas), en particular can respecto al flujo tridimensional, al flujo estratosferico y a la deducci6n de metodos graficos para predecir las dimensiones de las ondas de
sotavento. Ademas se han realizada investigaciones te6ricas sabre la producci6n de tur.bulencia en las capas daude
existe gradiente del viento, sabre la absorcion de las ondas en determinados.niveles criticas y sobre la energia transferida verticalmente par las ondas de sotavento.
La parte tres contiene un resumen de los nuevas conacimientos adquiridos des de 1958 con respecto a las
propiedades de las oudas de sotavento y los metodos para predecirlas, fundandose tanto en las observaciones como
en razonamientos teorieos. Se recomienda que las correspondientes partes de la Nota Tecnica NO 34 sean leidas
comparandolas con esta secci6n. Se exponen tambien con bastante detalle los aspectos de interes aeronautico.

GENERAL INTRODUCTION

WMO Technical Note No. 34, published in 1960, reviewed studies made up to 1958 of disturbances
produced in airflow over and downwind of mountainous terrain, and in particular dealt with tropospheric quasi-

stationary lee waves, associated turbulence, and the effects of these phenomena on aircraft flight. Studies are continuously being made (for reasons given later, in Part I) of mountain-induced disturbances in the airflow, and the
purpose of this Note is to describe research carried out during the period 1958-1972.
First of all, however, it may be useful to give a brief summary of the main points in the earlier Technical
Note; this was split into sections covering observational results, theoretical results and aviation applications (including forecasting). The observational section contained a comprehensive description of orographic clouds, depicted by
some beautiful photographs, and discussed the air motions with which each type of cloud was associated. Visual
and photographic observations of clouds formed the basis of some intensive field investigations of wave motion

described in Technical Note No. 34, but more quantitative information had been secured by the direct sensing of
the airflow with gliders and, on one investigation (the Sierra Wave Project), powered aircraft. The observational
evidence indicated that several types of leeward flow were possible, depending on the wind and temperature fields
upwind, but data were gathered and utilized mainly to produce a coherent picture of the characteristics of one
specific type, namely tropospheric lee waves. These were found in all parts of the world (under appropriate meteorological conditions) and their main effect was to impose significant periodic vertical motions on the airstream. The

horizontal wavelength usually lay in the range 5 to 25 km, and increased with increasing wind speed in the troposphere. The vertical amplitudes were found to increase from the surface to some mid-tropospheric level, and then
largely to die away in the upper troposphere. Peak-to-trough amplItudes of up to 2 krn had been found in midtroposphere to the lee of very high mountains (with leeward escarpments of about the same depth), associated with
vertical velocities of up to 25

1

ill 8- ,

Rotors were sometimes found in the wave crests at the level of maximum

amplitude. Wave systems beyond isolated hills were found to be less extensive than those beyond long ridges.
On the field investigations described in Technical Note No. 34, turbulence was located in the rotor zones
(where it was often severe in intensity), in the friction layer beyond the mountain, and near jet-stream levels where
the intensity and frequency of encounter appeared to be greater than over flat terrain under similar meteorological
conditions.
The collection of conventional meteorological data on field investigations resulted in the formulation of

criteria for forecasting the presence of tropospheric lee waves, and those criteria are still valid. A statically stable
layer is required near the level of the mountain top with layers of lesser stability above and below.
The wind direction should be within 30° of the normal to the ridge, and the wind speed at the level of the
mountain top should be at least 7 m S-1 for small mountains (about I km high) and IS m S-1 for large mountains
(4 km high). Strong waves are found when the wind speed increases steadily with height to values above approx·
imately 30 m S-1 at the tropopause, with little vertical change in direction.
Many of the observed properties of tropospheric waves bad been modelled theoretically by 1958, and a
complete account of the theory as it stood then is given in Technical Note No. 34. The main emphasis was put on
the formulation of equations governing the vertical velocity or displacement of air parcels in stationary lee waves
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of small amplitude (perturbation equations), and on the derivation and interpretation of analytical solutions to
these equations for idealized atmospheres consisting of one, two, or three layers. Such simplified models produced
a valuable insight into the factors which governed tropospheric wave dimensions, whereas more complex models may
not have done so. Such simplification was also necessary to solve the equations since there was only a limited avail-

ability of computers at that time. A limited amount of work had also been performed on models which included
the stratosphere, and the results indicated that stratospheric waves should have longer wavelengths than their tropospheric counterparts; it was also deduced that tropospheric lee-wave dimensions should be independent of the properties of the stratosphere. The theory presented in Technical Note No. 34 also dealt with rotors (although rather
conflicting theories on rotor production were expounded), flow beyond isolated mountains, time-dependent solu·
tions, preliminary numerical methods, and laboratory simulations of flow beyond barriers. Equations were also given
which were solvable for large-amplitude disturbances in certain classes of incompressible flows.

Technical Note No. 34 concluded with guidance on flying in mountain waves, and the reader whose main
interest is in this aspect should refer to that Note (and Part III of this Note), or to updated advice on mountain
waves which is commonly available in circulars produced by national aviation authorities. The main points detailed
in the earlier Teclmical Note are still valid, however, and are repeated here. The vertical currents associated with

waves can produce large airspeed changes and a real danger of stalling (and, for jet aircraft, of Mach buffet), especially if attempts are made to maintain constant altitude at constant power. It should also be remembered that there
may be no positive evidence of wave activity other than changes in instrument readings since flight can be quite
smooth and wave clouds need not be present. Due to the large down-draught commonly present very near the moun-

tains, traverses (along wind) should be made at levels well above the mountain top, a level 50 per cent higher than
the height of the mountain above the surrounding terrain being suggested. Flight parallel to a mountain ridge would
be extremely dangerous if it were continually in a down-draught, and in any event the turbulent rotor zone should

be avoided.
Turning our attention now to research since 1958, and considering first observational work, the most

important development has been the gathering of data on disturbances at stratospheric levels and the emphasis in
the observational section of this Technical Note is on the presentation and interpretation of stratospheric data. This
interpretation is rather tentative since stratospheric observations are still very sparse compared with those in the
troposphere. Further observations of tropospheric flow patterns are also described; these have yielded more informa-

tion on lee waves and other flow types, and the build-up of statistical information from civil airline flights at all
tropospherir::: levels has enabled "lee-wave climatologies" and simple forecasting nonograms to be produced for some

areas. Lee-wave forecasting is now aided by routine remote photography from satellites. The use of other new
observational tools such as lidar (light detection and ranging lasers) and high-powered radar, which can remotely
detect waves (including those in clear air) for research purposes, is also described in the observational section.

Perhaps the most important theoretical development since 1958 has been the investigation of large-amplitude theory to explain such features as rotors beneath lee waves, upstream blocking and hydraulic jumps. However,
further important results have been obtained using the perturbation equations (applied to atmospheric models of
a few layers), particularly with respect to three-dimensional flow, stratospheric flow, and the derivation of graphical
methods of forecasting lee-wave dimensions; solutions are now usually obtained by computer. Whereas it is better

to use a model of two or three layers to determine the factors governing the physical dimensions of lee waves,
multi-layer models approximate more closely to the real atmosphere and have been used in computer programs
written for routine operational use in forecasting flow fields. Such forecasts are as yet insufficiently tested by
concurrent observation. Theoretical investigations have also been made of the production of turbulence in shear

layers, of wave absorption at critical levels, and of the energy transferred vertically by lee waves.
This Technical Note is concluded by a summary of the observational and theoretical results, with particular
emphasis on those aspects of interest to aviation.

PART I

OBSERVATIONAL RESULTS AND FIELD INVESTIGATIONS

1.

INTRODUCTION
When the last Technical Note on airflow over mountains was published in 1960, only a small amount of

data on stratospheric flow patterns existed, but during the last decade an accumulation of new and interesting
vations of mountain effects at high levels has occurred.

obser~

Flight investigations of the stratosphere have been made for two basic reasons: first, a knowledge of stratospheric properties was required for application to the desigo and handling of civil and military aircraft which fly
in the stratosphere, and second, measurements of the vertical flow of momentum and energy have been (and are

being) obtained for application to general circulation models of the atmosphere. Both types of investigation also
aimed at correlating measured flow patterns (including turbulence) with meteorological data in order to improve
forecasting techniques.
Researchers have also continued to make observations of tropospheric airflow in order to confirm the wellfounded criteria for the prediction of the presence and intensity of lee waves, and to refine or adapt those criteria.

To these ends great use has been made of satellite photographs and reports from civil aircraft and gliders. Compiled
aircraft reports of the frequency and circumstances of formation of waves over specific hills and mountains have
also enabled civil aircraft routes to be planned so that they avoid the worst wave-forming areas, thus reducing passenger discomfort. The detailed observation of the properties of waves formed by mountains on the upwind side of
rocket firing ranges and airfields have also improved forecasting techniques for the specific localities investigated.
During the last few years new observational instrumentation such as lidar and high-powered radar has been
developed and can on occasions be used for remote detection of lee waves. Also the development of aircraft instrumentation, such as "stable platforms", and recording techniques has resulted in improvements in the accuracy of
measurements by aircraft of wind, vertical velocity, temperature and other parameters, and the facility to record
parameters continuously has led to better representations of cross-sections of airflow.
Since many observations are made only of tropospheric flow, or only of stratospheric flow, we use this
division below (sections 2 and 3) when describing results; section 4 is devoted to measuremmts made on the same

occasions in both the troposphere and the stratosphere. The sections are subdivided according to the methods of
measurement or observation.

2.

OBSERVATIONS OF TROPOSPHERIC AIRFLOW

2.1

Observations of surface and very low-level phenomena
Some hypotheses about the flow in the lower troposphere have been based on surface wind measurements.

F6rchtg6tt (1969) described wind fluctuations at two stations (K and I in Figure 1) to the lee of the Little
Carpathian Mountains on a day when a shallow cross-mountain flow behind a cold front, of speed about 15 ill S-1 ,
was temporally increasing in depth upstream of the mountains. As would be expected, the cold north-westerly flow
reached station I some 20 minutes after it reached station K. After a period of constant winds at each station, those

at K increased rapidly to about 20 m S-1 and those at I dropped to 5 m S-1 ; a pressure fall of 2 mb occurred
simultaneously at K. F6rchtg6tt related the rapid changes to the sudden formation of a large eddy to the lee of
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profile is shown at the base of the diagram. lit = 20 minutes (Forchtgott, 1969)

the mountain, with separation of the flow from the surface occurring near station K when the wedge of cold air
reached a critical thickness over the mountain. According to F6rchtg6tt's original classifications (see Technical Note

No. 34) rotors were probabiy streaming downwind of the mountain. The phenomenon of "rotor streaming" has
been encountered by civil aircraft at very low levels on many occasions when the cross-mountain flow is limited in

depth; even for the low mountains of the British Isies there are several published reports based on anemometer and
aircraft data (Dent and Dyson, i963; .Gray and Stewart, i965; Cashmore, i966).
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Winds of even greater severity have been measured in the foothills of larger mountains such as the Colorado
Rockies, as shown in Figure 2, an anemogram produced by an anemometer on top of a 60 ft (18m) building in
Boulder, Colorado; such violent low-level winds (known locally as the "chinook") are fortunately uncommon. The
Colorado chinook usually occurs during the evening and night hours of the cold season, ahead of a surface cold front
and its associated upper trough (Julian and Julian, 1969): the strong winds extend no more than 20 miles (32 km)
downwind of the foothills. The chinook (and some other surface-flow types) are features of phenomena which are
not in themselves shallow. However, the association of the chinook with the airflow aloft has been measured only
on one occasion (see section 2.5). Links with large-amplitude lee waves (Beran, 1967) and hydraulic jumps (Vergeiner
and Lilly, 1969) have both been postulated; upstream blocking of the flow appears to be a concurrent feature.
Strong and gusty winds near the surface can occur to the lee of any mountains, and can obviously cause
difficulties to aircraft during take-off and landing, and even where small mountains are concerned they can cause
damage to property near the leeward slopes (see for example, Aanense, 1962).

2.2

Visual and photographlc observations of clonds

A full account of clouds associated with disturbances to the airflow over mountains may he found in the
Technical Note No. 34. Further visual, pbotographic and photogrammetric observations of the relationships of
Cirrus clouds (including billows) to topography have been published by Reiter and Nania (1964) and Ludlam (1967).
Ludlam noted that billows formed intermittently in the lee of small hills and were sometimes localized to zones
downwind of the ends of ridges; they moved downwind at about the local wind speed and had total growth times
of IOta 30 minutes. The billows occurred in clear air. or within cloud, and sometimes the billow motion initiated
long bands of Cirrus cloud (see Figure 3), containing ice nuclei produced by the motion which probably did not
evaporate downstream due to continued saturation with respect to ice. Reiter and Nania observed that the leading
edge of the Cirrus sheets would sometimes rapidly extend upwind .

...._---_.,.............
Figure 3 - Billow-induced Cirrus streak above rotor cloud to the lee of the Tehachapi Mountains,
California. Arrow shows upper level wind direction (Conover ,1964)
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Billow clouds are produced, given sufficient humidity, by travelling unstable waves (Kelvin Helmholtz
waves), whose formation requires strong vertical wind shear within hydrostatically stable flow; the above observations indicate that even small hills can disturb the wind and stability profiles at high tropospheric levels so that
travelling waves are initiated.

2.2.1

Satellite observations

Photographs of orographic clouds over many parts of the world have been obtained from weather satellites
since the launch of TIROS I in 1960; a classification of features revealed by such photographs has been given by

Figure 4 - Photograph of wave clouds over northern Mexico, southern Arizona, southern New Mexico, and western
Texas. Clouds originate at the Sierra Madre Occidental Mountains in Mexico. Wavelength near central cross is 21 km.
Taken from TIROS VI orbit at 1706 GMT, 15 November 1962
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Conover (i 964). Clouds in the crests of lee waves of the low- and mid-troposphere show up as grey to white bands,
which may be straight or curved, as shown in Figures 4 and 5. Photographs show that clouds can extend for hundreds of miles parallel to wave-producing mountains, and up to 40 individual bands have been measured, as shown
in Figure 6, from the mountain to over 300 miles (480 km) downstream. The clouds are normally of the Stratocumulus and Altocumulus type with bases (simultaneously measured from the ground) of below 16000 ft (5 km)
above sea-level. Photographs commonly depict simple, regular wave motion. However, detailed examination some-

times reveals differences in wavelength and in orientation between groups of cloud bands, and these differences are
probably related to areal variations in the wind and temperature fields. Photographs also depict gaps and buckles in
individual bands which are related to the complex contouring of the underlying terrain. A series of arched bands

Figure 5 - Photograph of wave clouds over the United Kingdom and Eire. Wavelength is about 22 km over N. Ireland and
Scotlan4. but less than that over England and Wales. Taken from ESSA 2 orbit at 1003 GMT on 6 September 1966
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of Stratus or Stratocumulus clouds are often observed downstream of isolated volcanoes. and probably represent

a complex system of standing waves beyond such obstacles (Bowley et al., 1962).
Satellite photographs have also revealed the presence of large single lenticular clouds (Conover, 1964;
Wooldridge and Lester, 1969), with diameters of about 25 km, lying downwind of mountains. Surface and aircraft
observations have shown that such clouds are of the Altocumulus, Altostratus and Cirrostratus varieties present at

upper-tropospheric levels; the measured diameters indicate wavelengths of the order of 50 km at those levels.
Orographically induced Cirrus streaks have also been photographed.

Figure 6 - Photograph of wave clouds to the lee of the South American Andes. The wavelength at 42°S is about 13 km.
Taken fromTIROS I orbit at 1736 GMT on 18 April 1960

PART I - OBSERVATIONAL RESULTS AND FIELD INVESTIGATIONS

7

It is pertinent here to describe the use made of satellite photographs with respect to lee waves. Fritz (1965),
Anderson (1966), Doron and Cohen (1967) and others have found good agreement between wavelengths deduced
from photographs of wave clouds in various parts of the world and those computed by simple methods from local
radiosonde data, such as a method based on the mean tropospheric wind speed, as described by Corby (1957), or a
combination of wind speed and stability, as described by Fritz (1965). Comparisons have also been made with wavelengths deduced from more complex theory (e.g. Daas, 1961) with good results. Photographs and radiosonde data

have been used to establish the upstream criteria necessary to produce waves over specific mountain ranges. and to

assess the extent of the wave systems near those ranges (see, for example, Lindsay, 1965). Finally, of course, satellite photographs are of daily use for forecasting purposes.
Figure 7 shows a high-resolution photograph taken with a hand-held camera during the APOLLO IX Earth
orbital photographic mission; a pattern of lee-wave clouds (from top left), with billows of wavelength of about 0.5 km

Figure 7 - Photograph of wave clouds over S.E. New Mexico taken by a hand-held camera on the APOLLO IX Earth
orbital mission at 1805 GMT 9 March 1969. Billows are superimposed on the wave clouds at Point B
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superimposed on them, can clearly be seen. There is also evidence of waves oriented along the flow. It may be

possible to use such high-resolution photographs to determine interactions between the three types of waves and
turbulence; Wooldridge (1970) has used these to map the areal extent of gravity waves and assess their role in the
vertical transport of horizontal momentum.

2.3

Remote sensing of the upper flow

lidars (light detection and ranging lasers; Collis, 1966) and high-powered radars, which have been recently
developed, have been used to detect distortions of the airflow over high ground up to tropopause levels. Lidars
detect layers of particulate matter, such as dust and visible and sub-visible cloud particles. A vertical cross-section
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(up to 35 km long), made to detect wave-induced distortions to such layers, can be scanned in about 30 minutes;
the detailed use of the instrument, which is easily transportable, for making such measurements is described by
Viezee (1970). Wave clouds have also been frequently detected by radar, as shown in Figure 8, and recently groundbased high-power radars (unfortunately not transportable) which can detect backscatter from inhomogeneities of
refractive index in optically clear or cloudy air have become available for meteorological use (Atlas et al, 1970 ;
Glover et al., 1969; Browning and Watkins, 1970). The inhomogeneities are associated with layers of Cirrus ice
crystals, or stable layers containing marked humidity gradients, or temperature fluctuations produced by small-scale
turbulence. A two-dimensional (vertical) scan, up to 80 km horizontal range, of waves in these layers takes about
three minutes and a three-dimensional scan can be completed in about 45 minutes (Starr and Browning, 1972).

2.3.1

Lidar observations
Collis (1968) described waves measured on thr-.e occasions, up to 40000 ft (12 km) in the lee of the

Sierra Nevadas, and Viezee (I970) described a further five occasions when measurements were made in the same
location; the observed features were similar to those found on previous investigations. The most important result
was that rotor positions were found to vary with respect to the overlying lenticulars ; on one occasion described

by Viezee a rotor appeared directly under the crest of a lenticular, suggesting that it formed under a large-amplitude wave, but on two other occasions rotors developed several miles upwind of the main lenticular, as shown by

the example in Figure 9, suggesting that a "heated pressure jump" (Kuettner, 1959) waS the mechanism of formation. All rotors appeared about seven n miles (13 km) downstream of the main crest.

2.3.2

Radar observations
Starr and Browning (1972) described four cases studies of waves detected by a radar at Defford to the lee

of the Welsh Mountains and each of these cases showed different characteristics. Simple stationary waves were found
on one occasion, as shown in Figure la, with little variation of wavelength with time or distance downstream. On
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another occasion the waves had a constant wavelength but were markedly damped downstream. On the third
occasion, waves whose wavelengths varied spatially and temporally were found; on this occasion billows were
superimposed on the waves and an aircraft flying close to the locality of the radar observations encountered moder-

ate turbulence (Browning et al., 1970). In these three cases the phase lines of the waves were nearly vertical and
the maximum amplitudes were found at the height of a low-level inversion; the criteria for wave formation were

satisfied and the observed wavelengths agreed well with those calculated from Scorer's (1949) theory. On the fourth
occasion, two distinct families of waves were simultaneously observed, with wavelengths of 16 krn and 9 km respectively above and below the 4 to 5 km level, at which a well-marked minimum of the wind component normal to
the mountain occurred, together with the only internal change of stability in the troposphere. The amplitude of the
higher family varied by a factor of four over short time periods (about IS minutes), the larger amplitudes occurring
simultaneously with the passage of cumuliforrn Cirrus plumes. The criteria for wave formation were satisfied, and

the wave properties computed from Foldvik's (1962) theory for both families were in good agreement with the
observed properties.

2.4

Direct sensing of the upper flow
In this section we discuss observations by sensors actually present in disturbed flow, including aircraft and

balloons themselves and/or instruments carried by them.

2.4.1

Glider observations
Glider pilots have continued to observe properties of lee waves, such as the altitude of maximum vertical

velocity and the locations of zones of uplIft, relevant to the hills near their gliding clubs in various parts of the
world, and reports of the local variation of airflow properties with meteorological criteria are continually being

published in the gliding literature; some recent examples of such reports are contained in the references by Bishop
(1968), Hookings (1968), Harrison (1971) and Lindsay (1971). Although little uew knowledge of the general
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Figrne 10 - Photograph of the RID display of a high~powered radar which is detecting wave-induced distortions to
clear air echoes related (in this case) to marked humidity gradients. The measurements were made to the lee of the
Welsh Mountains on 3 November 1969 (Starr and Browning, 1972)
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aspects of airflow over hills and mountains has resulted from these reports, they are obviously of use to members of
gliding clubs and local operators of light aircraft, and could be used with other data in compiling lee-wave climatologies for various areas.

2.4.2

Observations from non-instrumented powered aircraft

A general account of the effects of up- and down·draughts in mountain waves on the flight of powered
aircraft was given in Technical Note No. 34 in which recommendations regarding flight in such co';'ditions are made.
The two main dangers in flight through waves are given as follows: first, if a traverse of a mountain is made with
insufficient clearance, the down-draught may reduce the aircraft's altitude to below crest level, and a similar danger
exists for flights parallel to a ridge if such flights are continually in a down-draught; second, attempts to maintain
constant altitude at constant power result in large airspeed changes which could result in stalling. Even small ridges

can produce down-draughts sufficiently large to exceed the lift of small aircraft.
2.4.2.1 Turbulence reports - Statistics
Pilots' reports from routine military and civil flights have been collected by several investigators in recent
years to assess the role played by mountains in prodUcing or intensifying clear air turbulence in the troposphere and
near the tropopause.

Clodman and Ball (1959) and Ball (1960) examined turbulence data from high-level (>6 km) flights over
an area of the U.S.A., just to the south of the Great Lakes, with hills rising only 1000 ft (300 m) above surrounding terrain, and found a marked maximum in the occurrence of turbulence just to the lee of the ridges. The affiollilt

of rough air over land was found to be 3 per cent per mile flown, which compared with a later figure of 0.2 per
cent for flights over the sea (Clodman et al., 1960)_ Colson (1968) examined data from an ICAQ collection programme obtained during four five-day periods 1964-1965. The results suggest, even in a period when mountain waves
were probably present, that the (weighted) ratio of reports of turbulence over land to those over the sea was only
2 : I. The apparent disparity between the two sets of results is probably due to many factors - different areas from
which reports were obtained. different aircraft, different reporting procedures and different meteorological environments.

Harrison and Sowa (1966) collected pilots' reports of turbulence over a 13-month period from aircraft
generally flying above 25000 ft (7.5 km) over the American Continental Divide near Denver. Figure 11 shows a
plot of the number of encounters with light turbulence and turbulence of moderate or greater intensity split into
0

0,25 squares over that area; the main jet routes into and out of Denver are also shown. Some of the areal variation in the incidence of turbulence, particularly in the north-south direction, is due to variations in traffic density,
and the marked increase in reports to the west of Denver is partially related to aircraft ceasing or starting to report
at a certain altitude on landing or take-off. Nevertheless, Figure 11 indicates a marked increase in the incidence of
turbulence at cruise altitudes over the mountains, compared with that over the flat terrain to the east; little or no
difference would have eXisted, on average, between the synoptic-scale flow patterns over the two types of terrain.
All the reports described in this section indicate that the incidence and intensity of turbulence in regions
of flow already dynamically prone to breakdown are likely to be significantly increased by even quite low relief.

2.4.2.2 Extreme turbulence and accidents
Analysis of individual case histories of airline reports of severe and extreme turbulence over mountainous
terrain at jet cruising levels usually reveals the presence of strong mountain waves within the troposphere, and of
strong winds or wind shears in association with a jet stream near the level of the encounter (Harrison, 1965 ; lass,

1971). Similar reports from lower levels are usually associated with the level of a mid-tropospheric inversion (in
strong waves) or with rotor zones.
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Such turbulence (at both high and low levels) has on a few occasions caused injuries to passengers, or has
been damaging or destructive but most accidents have occurred near very large mountains. Harrison (1965) describes
a few case studies of encounters with severe or extreme turbulence near mountains. On one occasion 12 aircraft
reported, within a three-hour period, severe turbulence over the Continental Divide near Denver between 26 000 and

39000 ft (8 and 12 km), and one aircraft suffered vertical accelerations of between +3.33 and -iJ.35 times that due
to gravity. The wind and temperature soundings shown in Figure 12, which are relevant to the flight area, show that the
criteria for strong waves were satisfied, and the high-level turbulence occurred in a layer of fairly strong wind shear.

Extreme turbulence at 16000 ft (4900 m), probably in association with mountain waves, caused the loss of a civil
jet aircraft to the lee of Mt. Fuji, Japan, on 5 March 1966 (HMSO, 1967).
Fortunately disasters are very rare, turbulent airflow over mountains being known to have been a

contrib~

utory factor in only five fatal accidents to large civil transport aircraft in the period 1946-1969 (Burnham, 1970a).
This evidence is a reflection both of the rarity of the presence of destructive turbulence, particularly at high altitudes, and of the awareness of forecasters to the conditions favourable for mountain-wave turbulence.

2.4.2.3 Forecasting methods based on pilots' reports
For specific large areas of mountainous terrain, the examination of pilots' reports of mountain waves and

turbulence (sometimes together with surface observations and consideration of mountain shapes) has yielded detailed
information on mountain-wave zones and on the wind directions necessary for wave formation to the lee of indi-

vidual ranges. Harrison and Sowa (1966) produced a guide to 169 zones in the western U.S.A., and Figure 13 shows
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these geographically. Grace (1961) had produced a similar guide of wave and turbulence zones for the South
American Andes. This sort of information can be used by airline operators in the daily and seasonal planning of jet
routes in order to avoid the worst zones and reduce passenger discomfort.
More precise methods of daily forecasting of wave intensities for waves over the Colorado Rockies were

developed by Harrison (1957). He correlated pilots' reports with the highest locally-measured wind speed below
18000 ft (5.4 km) and the pressure difference across the mountains to produce the nomogram shown in Figure 14;
a high degree of success in its use has been reported. The U.S. Air Force Air Weather Service has refined the nomogram, as shown in Figure 15, and extended its use to other areas of the U.S.A. (Calabrese, 1966).
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Observations from instrumented aircraft

Due to their direct, accurate and generally quick sampling capabilities, instrumented research aircraft are a
major tool for the observation of wave structure, and have been used in several field projects. Continuous measure-

ments of some or all of the following parameters are often made: temperature, wind, gust velocities, humidity,
ozone, pressure altitude, vertical accelerations, and location. Details of instrumentation of the larger aircraft and

their data-recording systems may be found in the papers by Axford (1968), Lilly and Tontenhoofd (1969),
McPherson and Nicholls (1970) and McPherson and Lurn (1969). The improvemeuts in aircraft instrumentation and
in recording systems and methods which have recently been made have resulted in improved accuracy of measured

properties of the airflow.
Flights are usually made to obtain a vertical cross-section. of the flow, and multi-aircraft flights are advantageous since they allow a cross-sectional flight pattern to be completed in about two hours (although analytical
difficulties occur in synchronizing the data sets from the different aircraft). Few areal surveys have been made with
aircraft. Wave amplitudes and wavelengths are usually obtained by drawing cross-sections of potential temperature,
since isentropes represent streamIlnes of airflow if they are stationary. Lovill (1970) has shown that such temperature data can be usefully supplemented by measurements of ozone mixing ratio, since this ratio is conserved in lee
waves as shown in Figure 16. Deductions of the vertical flux of momentum can be made from isentropic cross-sections, or from direct measurements of velocity components. Field projects are described in sections 2.5, 3.2 and 4.2.
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Figure 16 - Cross-section of potential temperature (full lines, K) and ozone mixing ratio (dashed
lines, p.g{g) in wave flow to the lee of the Continental Divide on 19 October 1968 (Lovill, 1970)

2.4.4

Balloon observations

2.4.4.1 Radiosonde balloons
Reid (1968) extended Corby's (1957) earlier work by deducing air motions both in the troposphere and
stratosphere from radiosonde ascent rates; this work is reported in section 4.1.1, together with qualifications regarding such deductions.
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2.4.4.2 Constant-volume (superpressure) balloons
Booker and Cooper (1965) described the use of radar-tracked superpressure balloons to determine free
air motion in mountain waves. In regular lee waves they act as accurate tracers of the air motion, since the restor·
ing forces are small and the balloons possess high drag coefficients. In any airstream where the flow is suddenly
displaced from one level to another and remains there for a long period, such as in a hydraulic jump, the balloon
trajectory will not be such a good indicator of vertical air motion since the restoring force takes time to return the
balloon to its equilibrium level (Vergeiner and Lilly, 1970). The main limitations on the use of these balloons are
that accumulations of water, ice, or snow on their surfaces can cause them to return to the surface and that the
balloon itself, in typical tropospheric windspeeds, has a natural wavelength of oscillation of about 8 kIn.
A typical example of the use made of balloons may be found in the paper by Reynolds, Lamberth and
Wurtele (1968); 200 radar plots were obtained of balloon tracks in the troposphere to the lee of the San Andres
Mountains in New Mexico. Thirty per cent of the plots showed no detectable wave, fifty per cent showed a simple
wave pattern, and twenty per cent showed a complex pattern in which wave ampiitude and wavelength varied
markedly with distance from the mountains, possibly at least partly due to non·two-dimensionality of the waveproducing mountain. B~lloon motions have also revealed the presence of modulations of long waves by waves of
shorter wavelengths in the troposphere (Wooldridge and Lester, 1969).
2.4.5

Chaff observations

Some use has been made of chaff dipoles to trace part of the air motion near mountains; the vertical
velocity of the air is obtained by substracling the radar-measured vertical velocity of the chaff from its natural fall
speed.

2.5

Field projects

The only major field project of the last decade in which tropospheric flow patterns have been investigated
has been reported by Vergeiner and Lilly (1970). In the winter of 1966-1967 nineteen successful superpressure
balloon flights were made (on eight days) from a iaunch site upstream of the Coiorado Rockies; these were radartracked to yield wind components and approximate streamlines of airflow. On a further seven days the airflow was
investigated by a powered, instrumented research aircraft. Zonal and meridional wind components were deduced
from the aircraft airspeed, ground speed, drift and heading; the vertical velocity of the air was deduced from that
of the aircraft, and errors in these deductions were thought to be about ±1 ill S-l . On these days the two-dimensional flow fields were computed mainly by drawing lines of constant potential temperature on a vertical cross-sec~
tion (since in steady flow these approximate to streamlines of air motion) or by plotting a stream function deduced
from the velocity components.
On days when there was moderate stability at leveis near the mountain top and the wind biew approximately normal to the range with speeds of 15-30 m S-1 at 500 mb, waves generally had wavelengths of 7 to 20 km,
amplitudes of 0.5 km, and produced vertical veiocilies of 3-5 m S-I. The largest amplitude and vertical velocity
found were 0.85 km and 9 m S-1 respectively. These results are in good agreement with those of previous field
projects.
The main interest in the results lies in the different type of leeward flow patterns which were encountered,
and in measured temporal changes in the flow patterns. Two distinct types of flow pattern were found. First, regular
lee waves occurred in which there was little downstream damping for 50 to 100 km, and little or gradual variation
of the zonal wind between each end of the runs; a fair example of this type of flow is shown in Figme 17. Second,
hydrauiic jump-type flows occurred as shown in Figure 18a against Run 3, in which a strong down-draught with high
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wind speed was found just to the lee of the mountain, followed by a marked decrease in wind speed and recovery
of the streamlines. These two types were found only rarely in pure form; combinations of types, irregular flow

patterns, and flows exhibiting pronounced downstream damping were also found. Smooth flow patterns which
contained long tropospheric wavelengths (40 to 80 km) were also detected. For these flows, links were suggested
between those in phase with the mountain (as shown in Figure 19) and the presence of strong winds with zonal
components of about 50 knots (25 m S-I) at the level of the mountain top, and also between flows in which the
streamlines dipped over the mountain (as shown in Figure 20) and small zonal components of about 20 knots
(10 m S-I) at mountain-top level.
The data revealed some dramatic changes in flow pattern over short perioda as shown in Figure lSa, where
the change from the jump type (Run 3) to the wave type (Run 4) of flow occurred within one hour. The winds in
both types decreased markedly downstream. However, on most occasions resonance waves, once established) main-

tained their wavelength for several hours. Some of the observed flow patterns were compared with theoretical solutions for the flow based on an operational numerical model (see also the reference to Vergeiner (1970) in Part II,
section 2.1.2). When observed resonance waves were stationary and of large amplitude, the computed wavelengths
were in good agreement with measured wavelengths and were insensitive to small changes in the input upstream
conditions; observed patterns were erratic and non-stationary when the sensitivity was high. Further cross-sections

of low-level flow patterns to the lee of the Colorado Rockies may be found in the work by Lester (1970).
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Other flights over the Colorado Rockies in 1968 and 1970 also involved stratospheric investigation, and
these are reported in section 4.2.1.1. One other flight which should be reported here, however, was made in the
same area on 11 January 1972, and this is the flrst to demonstrate clearly the tropospheric flow pattern associated
with a case of intense surface windstorms (such as those described in section 2.1) at the base of the foothills (Lilly
and Zipser, 1972). Figure 18b shows the potential temperature field for this day, separated (by the thick lines) into
two sections due to a three-hour time lapse between sensing of the upper and lower sections. The flow pattern is
clearly of the hydraulic jump type, a rare and remarkable feature being the oscillation of 20000 ft (6 kIn) peak·totrough amplitude centred near 300 mb. Amplitudes normally do not exceed the depth of the leeward escarpment.
Turbulence was found in the main updraught and more extensively at low levels where it was severe. There were
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many reports of severe turbulence from civil aircraft at the 300 mb level and two large transport aircraft suddenly
lost 4000 ft (1 200 m) in altitude on passing across the mountains. Winds gusting to 100-120 m.p.h. (45-55 m s·'),
with mean values of 60-70 m.p.h. (27-32 m S·,) over one hour, were measured at the surface from the foothills to
the point where the isentropes rose sharply. Beyond that point (at Stapleton for example), winds varied between
calm and 20 m.p.h. (9 m S·'). Such windstorms to the lee of the Rockies are associated with west to north-west
winds of about 50 1m (25 m S·,) at mountain-top level, and with the passage of an active weather system through
the area; a well-defined inversion is commonly found upstream a few thousand feet above mountain-top level. The
onset of the winds is also accompanied by the development of a low-pressure area along the leeward slopes.

3.

OBSERVATIONS OF STRATOSPHERIC AIRFLOW

3.1

Visual and photographic observations of clouds

The meteorological criteria goveming the formation of mother-of-pearl clouds, which are usually found at
heights between 20 and 30 km, and the characteristics of these clouds have been published by Hessvedt (1959).
The clouds, observed to the lee of the Norwegian mountains, were formed when the .winds blew normal to the
mountains from the surface up to cloud level; temperatures at the level of formation were always about -SO°C.
Wavelengths deduced from the cloud formations were about 40 km, but smaller wavelengths were often present.
Gotaas (1961) occasionally observed wing-shaped mother-of-pearl clouds, for which the density decreased downwind,
and Hessvedt (1962) suggested that such shapes were caused by isolated peaks. Hallett and Lewis (1967) considered
the composition and colouring of mother-of-pearl clouds, concluding that they probably fO:'med in the crest of
mountain waves by deposition of ice on frozen sulphuric acid aerosol.
Wave-like disturbances are also observed in noctilucent clouds which form at a height of about 80 km ;
although it is possible (Haurwitz and Fogle, 1969) that these clouds are caused by intemal gravity waves propagating upwards from the lower atmosphere, there is no concrete evidence in this case that the source of these waves
is orographic.

3.2

Field projects

In the early 1960s only fragmentary data were available on stratospheric airflow over monntains; Holmboe
and Klieforth (1957) had reported an observation of a very long wave present in the lower stratosphere, and
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Coleman and Steiner (1960) had suggested that some rather extensive severe turbulence encountered by a U2 aircraft at 52000 ft (15.8 km) over Japan waS associated with mountain-wave conditions, an opinion which is well
supported by an analysis of pertinent meteorological soundings (Burnham, 1970).
In the last ten years there has been a significant increase in knowledge of stratospheric flow patterns due
to an accumulation of mainly aircraft data of different types from field projects. These data can be split into two
categories. First, statistical data on the iocation and intensity of stratospheric turbuience have been obtained over
long periods, (a) for application to aircraft fatigue studies, (b) for deternrining turbulence detection criteria, and
(c) for other meteorological purposes. These data are described in section 3.2.1. Second, stratospheric data have been
collected for particular locations on given days in order that two-dimensional vertical profiies of the stratospheric
airflow could be constructed. The projects on which these data have been collected also had varied objectives which
are described in section 3.2.2. On some flights simultaneous tropospheric data have been collected, and these are
described in section 4.2.

3.2.1

Statistics of turbulence and waves over mountainous areas: Projects Hicat, Coldscan, and XB 70
and related flights

The main object of the U.S. Air Force Project Hicat has been to define, using an instrumented U2 aircraft,
the variation of intensity with wavelength of turbulence at altitudes between 45000 and 70000 ft (13.7 and 21.3
km). Flights have been made in several parts of the world. The percentage of time spent by the U2 in very light or
greater turbulence (which produced normal accelerations greater than 0.06 g) for flights over the western U.S.A. is
shown in Figure 21 (from Crooks et al., 1967); between 50000 and 57000 ft (15.2 and 17.4 km) about 10 per
cent of the flight time was turbulent. As shown in the figure, similar values were obtained over the same area and
in the same height range from data collected from XB 70 flights (Kordes and Love, 1967) ; it is thought that neither
sets of data were collected in particularly turbulence·prone periods (Burnham, 1970b). The lengths of the turbulent
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patches measured by the U2 and XB 70 aircraft over the Rockies of the western U.S.A. were typically between

a and 35 km; further details of these turbulence zones may be found in the reference by Burnham.
The amount of time spent in turbulence by the U2 varied markedly according to area, as shown in
Figure 21 ; the largest percentage (up to 30 per cent) of flight time spent in turbulence was over Australia, and the
smallest percentage was over Alaska. However both these areas are mountainous, and the comparison probably

reflects the dominant role played by wind shears (which are large near 50 000 ft (IS km) over Australia but generally negligible at that height over Alaska) in producing turbulence over any terrain.
Mitchell and Prophet (1970) have utilized Hicat data collected over the U.S.A. in 1967 to correlate reports
of stratospheric turbulence with several (sometimes iuterrelated) meteorological parameters. In general, turbulence
reported as severe over the Rocky Mountains occurred near the geographical locations of the polar jet stream and
its associated surface front, and at altitudes where local radiosonde ascents showed marked vertical variations of

lapse rate. These areas were also characterized by synoptic-scale waves of large amplitude in the 70 mb temperature field. On one day (I December 1967) three extensive flights were made in the 24·hour period and these
demonstrated the conservative relationship between the location of the turbulence and the features mentioned
above. Figure 220 shows the flight track and altitudes, and locations of the severe turbulence at 0000 Z on the
2nd, together with the jet streams and frontal positions at that time; the pressure and frontal systems were moving
rapidly eastwards. The stratospheric temperature profiles at 0000 Z are shown in Figure 22b, for three stations in
the flight area. The marked changes of lapse rate on the Albuquerque (ABQ) ascent were typical of local soundings
at locations where severe turbulence was found, and the comparatively smooth Winslow (INW) sounding is typical
for locations where little or no turbulence was found. Mitchell and Prophet relate the changes of lapse rate to the
passage of the balloon through orographically induced waves, and this is an attractive explanation since such changes
occur where the criteria for the formation of tropospheric waves are well satisfied. This need not be the only expla-
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nation though, since multiple tropopauses can occur in the area of investigation, and fluctuations could be caused

by other dynamical mechanisms. A detailed analysis by Ehernberger (1968) of the XB 70 data revealed that the
worst turbulence encountered by the aircraft over the Rocky Mountains was associated with both vertical fluctuations of lapse rate and strong windshears in the stratosphere.

The effect of mountains on the frequency of production of moderate stratospheric turbulence under
synoptic conditions which were in general the same for both the mountains and the flat terrain were deduced ty
McPherson and Morrissey (1971) from Project Coldscan. This is a joint Canadian National Aeronautical Establishment/U.S. Air Force project in which measurements of temperature and airspeed changes in excess of pre·set values,

and of vertical accelerations over 0.35 g (which corresponds to a moderate intensity of turbulence), are stored on
airborne magnetic tape for routine flights of an instrumented RB57F aircraft. Figure 23 shows, for flights mainly
above 42000 ft (12.8 km), that moderate turbulence was encountered over the mountains about four times more
frequently than over the plains and seven times more frequently than over the ocean, the distances flown over each

type of surface being about equal. The Canadian data suggest that about one per cent of the flight time over
mountains was spent in turbulence of moderate or greater intensity, mostly between 50000 and 55000 ft (I5.2
and 16.7 Ian); this height of maximum incidence is evident in data from other projects, especially in the subtropics.
Figure 23 also shows, as would be expected, that large stratospheric temperature changes are more numer-

ous over mountains. Earlier reports of the Project Coldscan (McPherson and Morrissey, 1968, 1970) contain a number of records of quasi-sinusoidal variations of static temperature obtained when the aircraft flew approximately
normal to the mountains at altitudes between 50000 and 63000 ft (15.2 and 19.2 km). The waves generally had

wavelengths of between 8 and 50 km, with two or more waves frequently observed. By assuming that sinusoidal
lee waves were responsible for these temperature variations, vertical velocities of between 2 and 9 ~

S-l

were

computed, the largest values corresponding to the waves of shortest wavelength. Turbulence was usually located
in the warmest parts of the waves (i.e. the troughs).
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3.2.2
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Cross-sections of airflow

3.2.2.1 AFCRL flights
High-altitude meteorological research flights made by a U2 aircraft for the U.S. Air Force Cambridge
Research Laboratories (AFCRL) in 1964 included two flights over the Californian Sierra Nevada mountains from
which vertical cross-sections of the airflow could be reconstructed between 35000 and 60000 ft (10.6 and 18.2
Ian) (Helvey, 1967). Figure 24c shows the potential temperature field, in which the isentropes approximate to
streamlines of airflow, for 13 May 1964. Maximum amplitudes were found near 38000 and 52000 ft (1l.5 and
15.7 km) the largest disturbance having a double amplitude of about 4000 ft (I 200 m) directly above the Sierra
Crest at 52000 ft (15.7 Ian). In the uppermost part of the cross-section a train of waves of wavelength about
30 km can be seen, on phase lines which tilt upwind at about 10-20° to the horizontal. Aircraft runs were made
at five levels, as shown, with reciprocals at several levels ; data from the reciprocals indicated that waves at the
lowest three levels were migrating upstream at a speed of about 2.5 kn (1.25 m S-I); the effect of this is that the
tilt of the phase lines is very slightly exaggerated. The raw data showed fluctuations of wind directions of up to
50°, and of up to 30 kn (15 m S-I) in wind speed in the waves. Small patches of turbulence which were encountered
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were mainly light in intensity. The three strongest patches all originated at the lowest points in the troughs of Ihe
waves and extended downwind to the next crest, zones where the data indicated low static stabilities. Figures 240
and 24b show respectively the 700 mb flow pattern, together with the 300 mb jet-stream location, and the upwind

profiles of wind and temperature as measured by the aircraft and radiosondes. Little lemporal change in the synopticscale pressure fields was taking place, and a flight on the following dsy revealed a similar flow pattern over the
mountains. A wide areal survey on this dsy did, however, reveal at the 60000 ft (18.3 Ian) level a variation of
wavelength of the flow from 30 Ian in the area of the cross-section to 110 km over Reno (170 km to the north).
3.2.2.2 U.K. Royal Aircraft Establishment flights
In 1967 the Royal Aircraft Establishment (RAE) of the United Kingdom initiated a programme of research
flying in orographically-induced waves in the stratosphere. The main objectives of the field studies were to investigate the nature and magnitude of stratospheric disturbances over mountains for relation to aspects of aircraft handling and design, and to assess the meteorological predictability of any severe disturbances which were encountered.

By holding the flights over the mountainous terrain of the western U.S.A., and flying preferably in locations where
strong troposheric lee-wave activity was expected, it was hoped that the disturbances would be representative of
the most severe which exist in the stratosphere. Two series of flights were held: the first series Was in February
1967, with 13 flights by a Canberra aircraft of which five took place in optimum conditions, but only two flights
secured data from above 46000 ft (14 km) (McPherson and Nicholls, 1969, 1970); the second series was in the
spring of 1969 when a USAF RB57F aircraft containing RAE instrumentation made eight flights, usually up to
about 62000 ft (19 km), four flights being made in optimum oonditions (Nicholls, 1971).
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Figure 24c - Stratospheric flow field over the Sierra Nevadas as derived from the potential temperature
analysis, values being in K. The location of clear air turbulence encountered by the aircraft is shown by
short vertical lines, and the large dots indicate flight altitudes. The turbulence intensity was mainly light
(IIelvey, 1967)
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On both series, reciprocal runs were made to establish whether the flow patterns were stationary, and cross-

sections of the flow were constructable for most days. Much extra data, from other aircraft flights and upper-air
observations, were obtained by collaboration with Canadian and American agencies.
Three case studies are given below to depict the three aspects of airflow found to create the greatest difficulty in the handling of the aircraft; these were (aj large stratospheric oscillations of the airflow which caused rapid
changes in airspeed and temperature (bj turbulence in these osciilations and in wave troughs, and (cj turbulence in
shear zones.

3.2.2.2.1 Case studies
(aj

14 February 1967

The ground track on this day is shown in Figure 25a which also depicts the 700 mb flow pattem and the
position of a surface cold front at 2400 GMT. It can be seen that a trough, across which there was a marked veer
in wind direction, would have been near the flight area at the flight time (1930 to 2015 GMT) and was moving
quickly south-eastwards. The veer in wind is demonstrated by the variation of low-level wind direction at Tonopah
(TPH) (which lies just to the north of the flight area) between 1702 GMT and 2010 GMT, as shown in Figure 25a.
It is likely therefore that at least upwind of the Sierras the wind was rapidly veering during the flight period. The
wind and temperature fielda measured at the start of the flight upwind of the mountains are shown by the Fresno
(FAT) ascent in Figure 25b, and appear to satisfy (at that time) the criteria for the formation of strong mountain
waves in the troposphere; the layer of iow stability between 42000 and 46000 ft (12.8 and 14.0 km) was evident
from the soundings over a wide area and is thus probabiy not totaily wave-induced.
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Figure 25a - 700 mb contours and wind speeds over western U.S.A. at 2400 GMT on
14 February 1967. A full barb indicates 5 m S-1 and a triangle 25 ill S-I. The ground track is
shown by the heavy line, and the surface position of a cold front is also shown. FAT = Fresno,
TPH = Tonopah
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Runs were made by the aircraft at 45000 and 46 000 ft (13.7 and 14.0 km) over the Sierra
Nevada whose profile is shown in Figure 25c, together with the potential temperature analysis for that day. This
was drawn assuming that measured upwind gradients of potential temperature were maintained in the flow. The
authors related the differences between the isentropic features on the two runs to temporal changes in the proper·
ties of the low-level airflow which govern wave dimensions; the isentropes (particularly that on Run 2) were probably not streamlines of the airflow due to the temporal amplification, but probably represented (fairly accurately)
instantaneous displacements of air parcels. Thus the air encountered, to the lee of the largest barrier, at 46 000 ft
(14 km) had probably descended about 9 000 ft (2750 m). There is little doubt that a major oscillation in the
airflow was present in that location, as confirmed by the pilot's report given below, which refers to about one
minute's flight at the western end of Run 2.

Pilot's comments: "On the turn into Run 2 CAT was encountered that made accurate bank holding difficult. The
start of Run 2 at FL 460 (14 km) was very smooth. Farther along this run it was noticed that an increase in
Lm.n.* at constant height and power usually heralded a patch of moderate CAT.

*Lm,n. - Indicated Mach Number.
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Figure 25c - Potential temperature field measured at 45 000 and
46 000 ft (13.7 and 14 km) and terrain profile. The isentropes
represent instantaneous displacements of air parcels in this case,
and are not necessarily streamlines of airflow. For a full discus~
sian see text (McPherson and Nicholls, 1970)

Approaching the eastern ridge a moderate patch of CAT was encountered and then the aircraft was eased
slightly nose-up to check the rise in Lm.n. (0.77). The aircraft entered a climb at 2 000 ft min-' (iD.2 m s-') with
87 per cent rev. min-' with the Lm.n. increasing from 0.775 to about 0.79! Suddenly, and without any warning
at all, the indicated airspeed dropped in under one second from about 198 kn to i50 kn at 47300 ft (14.4
km, or 14 km nominal height). The airflow could be heard breaking away from the canopy and I was conscious of the aircraft continuing upward even as I applied about ,/, forward stick (this could easily be the effect
of negative g). The aircraft bunted over at about 150 kn. No pre-stall buffet was felt although the airflow was distinctly heard as it broke away over the canopy. After the aircraft was diving satisfactorily the speed increased
slowly and then jumped suddenly to 200 kn (0.81 Lm.n.). I held the aircraft at 0.8 and descended to 42 000 ft
(12.8 km) to gather my wits. The power was held at 87 per cent throughout the manoeuvre. The airbrakes were
not used. A check on the g meter showed -I g. The aircraft was descended to 24000 ft (7.3 km) and a slow
speed check in the approach configuration was made at iD8 kn. The aircraft was returned to base.
The violenoe and suddenness of the drop in indi cated airspeed following what appeared to be a moderately strong but smooth upward wave was literally staggering. I failed to operate the fast recorder or even speak
into the tape recorder."
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The actual change in true airspeed at 47300 ft (14.4 km) was of -68 kn (-35 m S-I) in 1.5 seconds.
D
Temperature changes of 21 DC in 2 km and 12 C in 0.4 km were measured near point A on Figure 25c. On this
day severe turbulence was also encountered at the tropopause by a Canadian T33 aircraft flying along the same
ground track.
There are obviously dangers to flight in such conditions. The analysis indicated that the cause of the dan·
ger was a large amplifying disturbance in the stratosphere to the lee of the main escarpment, possibly associated
with the breakdown of tropospheric lee Waves.
(b)

7 April 1969

Isentropic oscillations found immediately above or just to the lee of mountains frequently exhibited rotortype configurations in the stratosphere, with turbulence in the rotor. On 7 April 1969 a flight was made over the
Guadalupe mountains of north-west Texas; these mountains have a leeward escarpment of only 3000 ft (910 m).
A quasi-stationary cold front lay to the east of the flight area as shown in Figure 200, and no temporal changes
were taking place in the wind and temperature fields during the flight period. The EI Paso (ELP) and Midland
(MAF) radiosonde ascents were almost identical to all levels ; both showed marked stability at IS 000 ft (4.5 km)
but the tropospheric winds were not strong and the tropospheric waves were probably only light to moderate in
intensity. The El Paso ascent is shown in Figure 26b ; only small values of wind shear were evident in the stratosphere.
Figure 26c shows the potential temperature analysis which, for that day, represented streamlines of airflow.
Two marked waves are evident, lying on phase lines which tilt backwards at only 5° to the horizontal. Their wavelength was about 22 km and their maximum amplitude was at about 52000 ft (15.8 km) where the flow lines had
rotor configurations. Continuous light turbulence, containing one patch of moderate intensity, was found from
18 km upwind to 10 km downwind of the mountain in the large oscillations at 51000 ft (15.5 km), originating in
the trough of the first wave.
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19 March 1969

Turbulence was also found in zones of marked negative wind shear. An example of this type of flow
occurred on 19 March 1969 downwind of the Continental Divide on the border of Colorado and New Mexico. On this
particular flight measurements were made with the Canadian Coldscon instrumentation (see section 3.2.1) and some
gaps occur in the data. Figure 270 shows the 2400 GMT surface and 700 mb features. At the start of the flight the
cold front had just moved southwards through the flight area. The Albuquerque (ABQ) radiosonde ascent is shown
in Figure 27b; interpolation between ascents indicates that in the flight area the top of the frontal inversion rose
from 8 000 to 14 000 ft (2450 to 4250 m), during the flight, with westerly winds above the inversion and northwesterlies below it. Aircraft-measured winds indicated that the shear layer shown above 55 000 ft (16.8 km) by the
Albuquerque radiosonde ascent was centred at 50 000 ft (15.2 km) over the flight area at the flight time (which was
about seven hours before the ascent).
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flight period. The ground track is shown by a heavy line. ABQ :=: Albuquerque. The dashed
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The potential temperature analysis is shown in Figure 27c. As would be expected from the meteorological
analysis, the flow at the tropopause changed somewhat with time, as shown by the dotted line which represents
the position of the 55°C isentrope four hours after the initial run. However the data from the reciprocal runs
apparently demonstrated that the long wavelength features were stationary. Above the mountain crest there was
marked lifting of the flow between 40 000 and 45 000 ft (12.2 and 13.7 km) and between 59 000 and 64000 ft
(18.0 and 19.5 km) with downward motion in between, suggesting a vertical wavelength of about 20000 ft (6 km)
for the modes of long horizontal wavelength in the stratosphere. The motion over the mountain led to a marked
diffluence, and probably thus to low wind speeds between 50 000 and 60 000 ft (15.2 and 18.2 km) and to confluence near 50 000 ft (15.2 km). At this level a train of waves of wavelength about 16 km were superimposed on
the basic flow (and these were probably mobile); these waves were themselves modulated by turbulent oscillations
of about 2.5 km wavelength. Several patches of moderate to severe turbulence were embedded in light turbulence
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which extended from the zones of downward flow (30 km downwind of the mountain) to the end of the first run
(200 km downwind) ; the intensity of this turbulence had decreased a little by the time the reciprocal run was made.

3.22.2.2 Summary of results from all the RAE flights
On the RAE flights only irregular perturbations of small amplitude were found in the stratosphere when
tropospheric waves were forecast to be absent, or to be dimensionally small. In other circumstances perturbations
in the stratosphere had a variety of dimensions.
Large isentropic oscillations (sometimes with rotor configurations) were found on several days almost
directly over the mountains, with peak-to-trough amplitudes of between 3000 and 9000 ft (910 and 2750 m);
the largest amplitudes occurred on the two days when the criteria governing tropospheric wave dimensions were
rapidly changing due to large changes in wind direction as a cold front moved through the flight area. These oscillations were centred above 50000 ft (15.2 km) and lay on phase lines which passed through waves of lesser amplitude at levels above and below. The phase lines always had backward tilts of about 10°_20° to the horizontal with
the exception of those already described in the second case study. Large oscillations were found above 50000 ft
(15.2 km) over mountains with leeward escarpments only 3000 ft (910 m) high.
Trains of waves, typically with wavelengths about 20 km, were sometimes present, and disturbances with
long wavelengths (greater than 100 km) were also found. On one occasion significant waves were found at 51000 ft
(15.5 km) to the lee of an isolated volcano.
Zones of light turbulence, sometimes containing one or two patches of moderate intensity, were found in
the large oscillations above the mountains, and on occasions in the troughs of downstream waves. In both cases the
turbulence originated in the zones of decelerating flow just ahead of the wave-troughs; the mechanism for production in this manner was described by Scorer (1967) and is referred to in Part II of this Note. In those cases where
inversion of the flow occurred above the mountains the production of turbulence was also probably maintained by
static instability. These turbulence zones had dimensions of up to 28 km (along wind) by 3 km (in the vertical).
Considerably more extensive and intense turbulence was found on four days, in association with trains of
waves (of wavelength about 20 km) which were themselves modulated by waves (probably the Kelvin Helmholtz
type) of wavelengths of about 2 km, at or near altitudes of windshear in excess of -6 kn (-3 m S-I) per 1000 ft
(300 m). In each case the turbulence originated in zones of downward-tilted flow several miles downstream of the
mountains over fairly flat terrain.

The handling of the project aircraft was seriously affected on three days, ouce due to rapid changes in
horizontal wind speed in a disturbance of amplitude 9000 ft (2750 m) (approximately) near the Sierra Nevada
crest, and twice due to extensive moderate to severe turbulence in or near negative shear zones at about 50000 ft
(15.2 km). On all these occasions tropospheric lee waves which were moderate to strong in intensity were forecast,
but in each case the tropospheric wave structure was probably changing due to rapid changes in the low-level wind
and temperature fields.
Marked thermal stratification of the stratospheric parts of the radiosonde ascents were evident in flight
areas where significant disturbances were found. This stratification could have been a manifestation of the passage
of the balloon through waves, or a real represeutalion of stratification caused by an anti-phase relationship between
very long waves (as depicted in Figure 27c), or it could have been a real stratification due to the presence of more
than one tropopause (as depicted in Figures 26b and c).

3.2.2.3 Other flights
Vinnicenko (1969), and Vinnicenko et al. (1970) have also reported on stratospheric wave flights in the
U.S.S.R. in 1966 and 1967. Short patches (less than 40 km in length along the flight track) of wave-induced
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turbulence were found at various altitudes up to 60 000 ft (18.3 km), the most intense zones being stationary for
three or fOUf hours. No supporting meteorological data or flow cross-sections were presented with these reports.

4.

SIMULTANEOUS OBSERVATIONS OF TROPOSPHERIC AND STRATOSPHERIC FLOW

4.1

Direct sampling at both levels

4.1.1

Balloon observations

Reid (1968) deduced air motions in both the troposphere and stratosphere from changes in the rates of
ascent of radiosonde balloons, from sao soundings made in 1964 from Shanwell (S6°26'N, 2°S2'W) in eastern
Scotland. In general, wave properties were obtained by measuring the deviations of the pressure trace from its
average line on the radiosonde record. Maximum wave amplitudes were found generally at 2 km height in the
troposphere, and at 16 km in the stratosphere; inferred amplitudes of 150 ill were encountered at these levels on
twenty occasions and three occasions respectively, and amplitudes greater than 50 metres were fo_und in the
stratosphere on 44 occasions in all.
In a few cases vertical air motions were deduced by substracting the vertical velocity of the balloon relative
to the air (as measured by the rate of rotation of the switching windmills on the sonde) from that relative to the
ground (as deduced from the sonde pressure trace). Figure 28 shows the vertical air velocities thus calculated from
a particular sounding, as a function of height, together with the vertical profiles of wind and temperature, and
depicts a typical variation of the vertical velocity with minimum values in the upper troposphere. There are several
reservations concerning deductions made about airflow which are based on data from radiosonde balloons. The
balloon follows an inclined path and variations in deduced wave amplitude may be related to distance from the
mountain as well as height; also only part of the flow is sampled at each height and the maximum amplitudes
actually present may not be measured. Thirdly there is no way of knowing if measured vertical velocities pertain
to stationary (lee) waves or travelling waves (of the Kelvin Helmholtz type, for example). Finally estimates of the
period of the airflow in standing waves, or their wavelength, cannot be made unless the phase lines are vertical.

Such data do provide a cheap method of deducing a lee-wave climatology of a particular area, but the
above qualifications should be taken into account when the data are analysed.

4.2

Field projects

4.2.1

Cross-sections of airflow

The only known programme in which synchronous measurements of the tropospheric and stratospheric
airflow have been made is described below.

4.2.1.1 The Colorado lee·wave programme
During February and March of 1968 and 1970 the National Centre for Atmospheric Research (NCAR)
at Boulder, Colorado (U.S.A.), organized multi-aircraft projects to make synchronous measurements of lee waves
and orographic wind phenomena over the Colorado Rockies at levels up to 70 000 ft (I2.3 km). Additional data
were obtained from a network of surface anemometers and from upwind and downwind radiosonde ascents. As
many as six aircraft were used on each series of flights, and most had the capability of measuring at least temperature. The major objectives of the programme were to obtain lee-wave profiles in a vertical cross-section and to
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Figure 28 - Vertical velocities w in wave motion deduced from relative vertical velocities of a
radiosonde balloon launched from Shanwell, Scotland, at 2330 GMT on 30 January 1966. Profiles
of the balloon height (against time), of wind speed u (with direction), and of temperature are also
shown. The wind directions are approximately normal to the wave-producing mountains (Reid,
1968)

determine the associated vertical flux of horizontal momentum for application both in theoretical models of leewave flow and in global circulation models; it was also hoped to observe the conditions under which lee waves
were associated with the production of clear air turbulence and of strong down-slope winds near the surface. In
all, about 24 joint flights were held in a variety of meteorological conditions; detailed results from three of these
may be found in the papers by Kuettner and Lilly (1968), Ully and Toutenhoofd (1969) and Lilly (1971). The
major features of the flow up to 70 000 ft (21.3 km) are described by the following two case studies, but untortunately they were accompanied by little synoptic data.*

*Raw data from the 1970 project, including meteorological data, have just been published (Lilly et al., 1971)
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Case studies

(a)

17 February 1970

The fields of potential temperature and horizontal wind component (along the flight track), obtained from
synchronous flights of four aircraft, are shown in Figure 29. In general a steady state existed over the flight period.
At low levels the airflow follows the terrain.
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Above 16500 ft (5 km) a train of lee waves, with maximum amplitudes near 23 000 ft (7 km), is evident
but these die out with height and near the level of maximum wind at 36000 ft (J 1 km) the only disturbances are
of small amplitude and long wavelength. Above that level, at 50500 ft (J 5.4 km), a large disturbance which has a
peak to trough amplitude of 8300 ft (2530 m) is evident over the mountain; the flow at this altitude is out of
phase with that at very low levels. At still greater heights there is little disturbance to the flow.
As would be expected, large perturbations occurred in the stratospheric wind speeds in association with
the waves. The large stratospheric wave was associated with upstream blocking in the stratosphere, and produced
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a change in level of the zone of marked vertical shear forming a zone (in the major wave) of marked horizontal
shear. Severe turbulence was found in the zone of vertical shear downwind of this wave, as well as (to a limited

extent) just to the lee of the mountain at low levels. On this day direct measurements and analysis of the flow
profile indicated that the upper turbulent layer separated a zone of no vertical flux of momentum (above) from
one of almost constant downward flux of 8 dynes cm- 2 (below) averaged over 200 km.
(b)

18 February 1970
The flow pattern is shown in Figure 30. On this day the mid-tropospheric shear zone (at 6.5 km) was

more intense and was associated with a combined frontal inversion and low tropopause. The airflow at very low
levels was the same as in case (aJ above and a train of lee waves was also apparent below the level of maximum

wind. However, no large stratospheric disturbance is evident; Lilly (1971) postulated that the reason for this was
that a zone of continuous light to moderate turbulence which was present in the shear zone prevented the upward
propagation of the large-scale disturbance below it, in accordance with the theoretical predictions of Bretherton

(1969).
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Summary of results
The largest perturbations in the streamlines of airflow over the Colorado Rockies were found within a
kilometre (in height) of the mountain tops and in the stratosphere. Trapped lee waves were often evident in midtroposphere, but near the tropopause these had given way to perturbations of longer wavelength and (usually)
smaller amplitude. The stratospheric disturbances sometimes resembled a mirror image of the flow near the surface;
one of the three published flow patterns exhibits a rotor (probably non-stationary).
On both series of flights the worst turbulence was confined to levels at and below the mountain tops, and
to the stratosphere, especially between 50 000 ft (15.2 km) and 60 000 ft (18.2 km) where the ambient shear was
distorted by large-scale perturbations of the airflow.

PART II

THEORETICAL RESULTS

1.

INTRODUCTION

Since publication of WMO Technical Note No. 34 (in i960) much additional theoreticai work has been
carried out on the nature of airflow over mountainous terrain and analogous fluid dynamical problems of fluid flow.
over barriers; however, only a brief summary of this latter work is produced here since our main purpose is to
emphasize only those results which are directly applicable to the work of the forecaster and airline operator.
Recent results do not significantly change the excelient qualitative guidance for forecasting airflow (mainly
tropospheric lee waves) over mountains given in Part III of the previous Technical Note. Quantitative graphical and
operational numerical methods of forecasting the dimensions of trapped lee waves have appeared in the literature;
these are described later, but to date they have been insufficiently tested (universally) by relevant observations and
in some cases apply only to a specific mountainous area, Occasionally special assumptions, the physical significance
of wlrich are not clear, have been made in order to obtain numerical solutions. There remains a lack of proven
qualitative guidance for the forecasting of such features as hydraulic jumps and upstream blocking.
For the purposes of this paper, the theoretical work on mesoscale features of the airflow can be divided
into two main fields: first, that in which only smali perturbations are aliowed in the basic flow; and second, that
in which finite amplitude disturbances including rotors, blocking, and jumps are considered. The third section below
is devoted to clear air turbulence. Work based on the perturbation equations, and the assumptions made to solve
these, forms the basis of Part 11 of Technical Note No. 34, whilst large-amplitude theory is briefly touched on in
sections 5 and 9.2 of Part 11 of that publication.

The results described in this paper are those which were available to the author; translations of some
works of importance (particularly those originating in the U.S.S.R.) were not available, but the reader is referred
to Zeytounian (1969) who gives a resume of such work.

2.

SMALL-AMPLITUDE THEORY

The basic theory of small perturbations is given in Technical Note No. 34, Part 11, together with research
based on that theory up to 1958. In that work and in research since that date several assumptions are common;
those usually found are that friction (and viscosity), condensation, heat conduction, radiation, and rotation of the
Earth can be neglected, and that the solutions are independent of time. Exceptions may be found in section 7 of
Part II of Technical Note No. 34 and in recent works by Onishi (1963), Yanowitch (1967), and Foldvik and
Wurtele (1967). Onishi investigated the effects of viscosity on the flow at low levels (in the boundary layer) near
the mountain surface, and Yanowitch has shown that, in certain conditions, viscosity can cause reflection of the
waves from high levels; however, its effect on lee waves is still thought to be small except at great distances from
the source. Foldvik and Wurtele further investigated the transient nature of lee waves by numerical computations
for idealized and realistic airstreams at various time intervals after a specific barrier was introduced into the flow.
Such investigations are obviously valuable in that they predict a time necessary for the setting up of a steady flow
and may be able to deal with varying upstream conditions.
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In the work described below, the assumptions described above are usually made. However, different boundary conditions are used by different authors and are not described here in detail, but can be found by reference to
the original papers.
2.1

Properties of two-dimensional models which include the stratosphere

2.1.1

Two- and three-layer models

Palm and Foldvik (1960) simulated observed properties of the atmosphere (up to 50 km) by the threelayer model shown in Figure 31 in which the function [(z) (their terminology for the Scorer f parameter)'
decreased exponentially in the lower and npper layers, approaching zero at infmite height. For a sufficiently large
decrease of f(z) in the lowest layer it was fonnd that the wave motion contained in the troposphere was independent
of the properties of the stratosphere, a result in agreement with that deduced by Corby and Sawyer (1958). The
stratospheric wave motion was, however, found to be highly dependent on the properties of the troposphere. For
the model shown in Figure 31, the constant phase lines of the stratospheric waves sloped backwards at about 30°
to the horizontal.
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Foldvik, 1960)

= gl31

1

- a u
!u, where g is gravity, (3 a stability parameter, and u the wind component normal to the mountain range. The
u
az 1
exponential decrease assumed by Palm and Foldvik is given by (f(z))l == K o e Clbz (= f).
*[2
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Similar results regarding the relative importance of the properties of the troposphere and stratosphere were
found by Danielson and Bleck (1970), when considering a three-layer model in which the z2 parameter (plus minor
additional terms which we can assume to be negligible) decreased exponentially in the lower and upper layers and
increased exponentially between them. Their numerical computations indicated that one wave mode was dominant
in the troposphere whereas six or more modes were ducted in the stratosphere. The properties of the dominant

tropospheric mode were solely dependent on those of the tropospheric duct, and the computed wavelengths (shown
in Figure 32b) agree almost exactly with those of Palm and Foldvik (1959) (Figure 32a) when displayed as a function of the rate of exponential decay of / in the lowest layer. However, the change in wavelength as Ko increases and
ao decreases is described as discontinuous by Danielson and Bleck, whereas the second family of curves on Figure

32a represent the wavelength of a second tropospheric mode which is always present, but possibly less dominant,
on the left of the figure. The amplitudes (but not the wavelengths) of the stratospheric modes were found to be
highly dependent upon the properties of the tropospheric duct; interference between modes produced stratospheric
rotors in the computations, but the significance of this result is in question since features of such large amplitude
cannot strictly be a consequence of perturbation theory.
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-0·1

2

·8 ·9

3

Figure 32a - Wave numbers of tropospheric modes deduced from a one-layer tropospheric model of
Palm and Foldvik, in which the function [(z) decreases exponentially from the surface at a rate given
1

by (f(z})"2 (= l)

=

aoz . K o corresponds to (f(O))} , and ao to (-c)

Ko e

1

.

In

Palm and Foldvik's paper

(Palm and Foldvik. 1960)

The theory of periodic stratospheric waves was further investigated by Berkshire and Warren (1970), using
a model which contained either one or two tropospheric layers together with a stratospheric layer, each layer

having a constant value of z2. Solutions for the model with the one-layer troposphere indicated that stratospheric
wavelengtha were between 10 and 60 km; stratospheric amplitudes were approximately maintained with height but
marked damping occurred downstream beyond the first wave. Such a model cannot of course support tropospheric
resonance waves; the solutions represent a totally different family of waves whose properties had been also investigated by Sawyer (1960), as described in section 2.1.2. For the three-layer model, in which the value of /2 was much
Wgher in the lower than in the upper- troposphere, the amplitude of the stratospheric waves was a very sensitive

function of the depth of the upper (less stable) tropospheric layer; for a tropospheric airstream which itself would
support trapped lee waves, the stratospheric waves were more pronounced, with slower downstream damping, than

in the two-layer (uniform troposphere) model. In both models the constant phase lines tilted backwards at 10_20°
to the horizontal.
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Figure 32b - Wave numbers of tropospheric modes deduced from a three-layer model of Danielson and
Bleck; the model included the stratosphere, and the parameter I decreased exponentially from the surface to the tropopause at a rate given by I = K o el2o z . In the next layer l increased exponentially, and
in the uppermost layer a further exponential decrease occurred (Danielson and Bleck, 1970)

2.1.2

Multi-layer models and models with arbitrary upstream variations

These models are grouped together since they can obviously simulate real atmospheric properties more
closely than those considered in the previous section; the need for close representation varies according to the air~
stream. A basic feature of such complex models is that the equations must be solved using a computer. The perturbation equations were solved numerically by Sawyer (1960); his programme provided for the upstream wind
and temperature to be specified at one-kilometre height intervals from the surface up to 16 km, and for symmetrical small mountains of constant height and variable half width, in a model with a constant value of (' above 16
km. Computations were made for both idealized and real airstreams. Although in the latter case a wide variation
of flow patterns was found, some properties common to layer-type models were noticed. Several modes were sometimes superimposed, those of long wavelength being predominant in the upper troposphere and lower stratosphere
and those of short waveleogth being predominant in the lower troposphere. The lines of constant phase through
the streamiines near the ridge tilted upstream at about 80' to 50' to the horizontal in the lower troposphere, and
the vertical displacement of the streamlines varied sinusoidally with height, on some occasions with phase reversal
at low levels over the ridge. Two distinct families of waves were identified - Scorer's resonance waves for which
the amplitude remained constant downstream but decreased with height, and also waves whose amplitude increased
with height up to and above the tropopause whilst being damped downstream. The latter family appeared when
a stratospheric layer of high stability and high (' value layover a deep layer with a substantially lower value of
12 • Pekelis (1969) also described a numerical method of solving the perturbation equations for arbitrary upstream
conditions and arbitrary relief, and sample computations agreed well with those presented by Sawyer.

The numerical work of Danielson and Bleck (1970) is also extended to multi-layer models up to about
25 km. They assumed that only small shears existed between the surface and the mountain top levels (as did other
workers) but to avoid underestimation of the amount of air forced over a mountain (when large low-level shears
existed) they introduced 'effective' mountains into the theory to substitute for the real mountain profile. The
effective mountains had much greater slopes than those usually used in perturbation theory. An operational
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numerical model, in which a similar assumption is made about the lower boundary, is presented by Vergeiner
(1971) for arbitrary basic flow and two-dimensional topography. He compared solutions computed from real upstream data with flight observations of the same days for flow to the lee of the Continental Divide. Agreement was
close when stable waves were observed, and slight changes in the programmed upstream conditions had little effect
on the computed waves. When observed waves were non-stationary, however, the computed flow fields were very
sensitive to small changes in the upstream sounding; this sensitivity, or a complete lack of computed resonant

waves, was also obvious on days when strong leeward surface winds (the chinook) would be expected.
Wallington (1970) also describes an operational numerical method of predicting the airflow over any ground
profile for arbitrary upstream conditions. Both the lower and upper boundary conditions are open to choice and,
for example, upstream blocking may be simulated by varying the low-level upstream wind field from that actually
present. On occasions the computed flow exhibited high- and low-level rotors. Although their presence contradicted
the basic assumptions of the model) when low-level rotors were computed a comparison with observed conditions

showed that the whole computed pattern was not invalid, and that the rotors corresponded to observed chaotic
low-level flow.
2.2

Properties of two-dimensional tropospheric models
The conclusion expressed in much of the work described in the previous section - that the properties of

tropospheric (trapped) resonant waves, if present, are independent of the properties of a realistic stratosphere has led to further work on tropospheric resonance waves in which the stratosphere is disregarded. Berkofsky (1960)
has considered a model with two layers of different (but constant) shear and density, and Onishi (1961) a singlelayer model with constant shear. The resulting flows have properties broadly similar to those of previous models.
A graphical method of determining wave dimensions has been derived from the work of Foldvik (1962)
by Casswell (1966). Foldvik found good agreement between observed tropospheric wavelengths and those calculated
for the dominant tropospheric modes from a one-layer model in which the observed decrease of the parameter
gB/u 2 was simulated by an exponential decrease. Close agreement was also obtained on the same occasions with
numerical computations by Wallington and Portnall (1958), which permitted much finer vertical upstream resolution of the atmospheric structure, thus indicating that fine-scale features of the troposphere do not affect the
resonant wavelength. For a similar one-layer atmospheric model, Daas (1961, 1962) had also found good agreement with observation. Casswell used Foldvik's formulae to derive graphs (one of which is shown in Figure 33)
from which the wavelengths of the tropospheric modes, the heights of maximum amplitude and the maximum
vertical velocities (given wind speed) could be obtained as a function of the values of gBlu 2 at 850 mb and
500 mb, after assuming this parameter decreased exponentially through its values at those two levels. The agreement of the graphical values of wavelength with those observed were good, but insufficient data on amplitudes
and vertical velocities were available at the time to assess the accuracy of predicted values of these variables.

Such a model as that just described cannot predict the effects of large-scale tropospheric variations of
the f' parameter, such as may be caused by a mid-tropospheric inversion. Pearce and White (1967) have simulated
such variations by a three-layer model in which f' was given low values in the lowest and highest layers, and a high
value in a middle layer whose depth was variable. The wave amplitude exhibited a sharp maximum when displayed
as a function of middle-layer depth. As this depth decreased to zero, below the value corresponding to maximum
amplitude, the wavelength was found to increase rapidly, which could account for the disappearance of waves
sometimes observed when the lowest layer is heated.

2.3

Properties of three-dimensional models
Three-dimensional models permit consideration of air movements in three dimensions, and a resume of

the theory and results of earlier work may be found in section 6 of Part I1 of Technical Note No. 34.
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H is the mountain height and Uo the wind speed at crest height

Palm (1958) examined the flow over a mountain which had rotational symmetry abouI a vertical axis, for
a two-layer airstream in which the temperature decreased and the wind speed increased linearly in the troposphere,
both remaining constant in the stratosphere. The model was similar to Ihat considered by Scorer and Wilkinson
(1956), and also showed that in horizontal planes the downstream waves were confined 10 a wedge-shaped region
with its apex at Ihe mountain. Crapper (1959) examined the flow over a mountain with circular contours for an
airstream in which the parameter gB/u 2 remained constant, and found waves confined 10 a downwind strip whose
width depended upon that of Ihe mountain; Onishi (1961) obtained a similar result (the waves being confined
to a wedge with zero apex angle), but for more realistic airstreams the waves were contained in a wedge whose apex
angle was non-zero and was dependent upon the airstream properties. Crapper (1962) also found the waves confined
to a wedge for flow beyond an elliptic mountain for an airstream which could support resonant waves.
For two- and three-layer tropospheric models, in which Ihe Scorer parameter (12) was different and constant in each layer, but in which variations of wind direction from one layer to the nexi were aIlowed, Sawyer (1962)
derived relationships between the wavenumbers measured along and normal to the low-level flow. He also calculated

47

PART II - THEORETICAL RESULTS

an amplitude factor for pairs of wavenumbers on each mode, for the lowest level of maximum amplitude. Figure 34a
shows the wave modes for a case in which Scorer's criterion* for lee waves for a two-layer model are satisfied, and
Figure 34b shows the wave modes for a case where it is not. In the first case. two-dimensional theory indicates a
single mode of wavelength corresponding to A = 1.04 lan-I, and in the second case, two·dimensional theory indio
cates no waves. However, it can be seen that if three-dimensional motion is permitted, trapped lee waves are always
evident in a two-layer model, irrespective of that criterion, for some pairing of wavenumbers. Sawyer also derived
the wavenumber relationship for arbitrary upstream conditions including a stable stratosphere, as shown in Figure 34c,
where the amplitude factor refers to the one-kilometre level. It can be seen that the mode of longer wavelength
appears (at that level) only for small values of Il, the lateral wave number; it appears then that this mode, attributed
by Sawyer (1960) to the presence of the stable stratosphere, would only be set up by very long ridges and would
have small amplitude to the lee of isolated peaks. As found by the other workers, crescent-shaped waves were found
downstream of isolated peaks; the maximum amplitudes were sometimes found near the wedge boundaries. The
wedge axis was along an intermediate direction where the wind direction changed between two layers.
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the stable stratosphere has small amplitude and would only be set up beyond long ridges (Sawyer,
t962)

Onishi (1969) presents a numerical method of solving the perturbation equations for an arbitrary mountain
and arbitrary upstream conditions. For specific cases the flow patterns are similar to those obtained by Sawyer,
although some differences occur when Onishi introduces viscosity into the airstream. Pekelis (197i) discusses algorithmic

,

*For two-layer model, I 2
lower layer.
2

•

I
2

2>.1I...;
4h

where suffices 1,2 refer to the upper and lower layers respectively, and h is the depth of the
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methods of solving the iinearized equations of three-dimensional flow, and shows that the vertical velocity fields
so obtained compare well with those calculated by Sawyer.
Berkshire (197i) extended the analysis of stratospheric motion by Berkshire and Warren to three dimensions for a three-layer modei, and calculated wave propagation directions in the stratosphere. By consideration of
the time-dependent problem he concluded that the solutions predicted by steady-state analysis for large transverse
distances from the downwind direction may require the atmospheric properties to remain constant for an unreal-

istic length of time.

LARGE-AMPLITUDE THEORY

3.

A significant advance in the theoretical study of lee waves occurred after Long (I 953) derived an equation for the steady motion of a stratified, incompressible and frictionless fluid without having to make any initial
restrictive assumptions about the amplitude of disturbances within the flUid. Moreover, if the upstream vertical
gradient of density was linear and the wind speed almost constant, then the equation became linear and solvable;
the basic equation and its linear form are Equations 187 and 188 of Techuical Note No. 34 (Part 11, section 9.2)
and they are presented again here since continued reference is made to them;

'Vk + ~2 [(grad ')' + 2 ()z
()'] '!. In
dz

(pii)" = .g" dp,
u'p dz

(i)

where!; is the streamline displacement from its original (undisturbed) level,
;)'

'Vi =
p

{)x'

()'

+ ()y' '

and u are the undisturbed density and flow speed respectively.

'V!' + a"

=

0, where a' =

I "I

~ dl
---;;~ p

=

constant

if pu2 and

'a!P." are
z

constant.

(ii)

These equations also form the basis of a later paper by Long (I958) in which he extends his earlier analyses
to derive tractable models with shear present. Strictly the equations are directly applicable only to liquid motions
over barriers, and have been widely used by fluid dynamicists for study of such flow; since atmospheric analogies
to such flows can exist, such studies are briefly described in section 3.2.
However it is advantageous to consider firstly those works which have more direct bearing on atmospheric

flows (which are differentiated from many of the studied fluid flows by their compressibility, markedly variable
upstream conditions, and non-confinement between rigid planes); these are dealt with in section 3.1. The division of

subject matter between sections 3.1 and 3.2 is inevitably somewhat subjective owing to the varied degrees of agree·
ment, in the works described, between the properties of the fluid and atmospheric flows.

3.1

Large-amplitude (two-dimensional) theory for the atmosphere, including rotors

Scorer and Klieforth (1959) have utilized a compressible analogue to Long's basic equation to study the
formation of large-amplitude waves in the atmosphere. The compressible form, originally derived by Scorer (1955),
involved no assumptions of relatively small perturbation velocities, but required that streamline displacements should
be within ± 1 km of their undisturbed position. Their equation was linearized by suitable assumptions about its
terms, and used to determine which airstreams could support lee waves in an atmospheric model of three layers each
having a constant ('- value. Figures 35a and b show some computed streamlines together with the supporting airstream characteristics and, as can be seen, the waves of largest amplitude could support rotors. The authors further
calculated an airstream-dependent obstacle shape necessary to excite the large-amplitude waves; this converse process
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is common to many works where large-amplitude theory is used. The results of Scorer and Klieforth are not directly
applicable to the forecasting of large-amplitude waves, but are of importance since they demonstrate that rotors can
occur as a solution to an equation governing real atmospheric flow I and thus that it is not essential to resort to

analogies with hydraulic jump theory to explain their presence.
Yih (1960a) determined a transformation which reduced the equations governing the steady non-homoentropic flow of an inviscid compressible fluid, in a field without gravity, to ultimately solvable forms governing
homo-entropic flow. By applying this transformation to non-homo-entropic flows in a gravitational field the equations of motion were greatly simplified, and a theoretical investigation of linearized forms revealed four different
classes of solution for an atmosphere slightly stratified in entropy and specific energy. Claus (1964) also investigated
conditions far upstream which made Yih's equation linear for non-homo-entropic flow, with gravity, and for some

of these computed wave patterns assuming the flow was bound by a rigid lid at the tropopause. Although the upstream conditions resembled real atmospheric profiles quite closely, no simple general criteria, in terms of wind and
temperature stratification, were found governing the presence or absence of large-amplitude waves. For a given
temperature stratification in the model under consideration it was found that tropospheric wave motion tended to

be eliminated as wind speeds at upper levels increased to high values.
Krishnamurti (1964) adopted a different approach to the formulation of the lee-wave problem by presenting the equations of vertical motion in isentropic co-ordinates allowing the flow over finite~arnplitude mountains

to be considered. Numerical solutions were then found to non-linearized equations for the disturbed vertical velocity
field over arbitrary terrain, computations being made for specific airstreams on a coarse grid to a height of 100 km.

3.2

Large-amplitude theory for fluid flows

Fluid dynamicists commonly relate the t Y1[f of fluid motion which is observed to the Froude number,
which takes several forms, commonly of the type NH where U is the undisturbed velocity, N the natural (BruntVaisala) frequency of oscillation and H a vertical scale of length. It is generally found in the case of flow of a perfect fluid over an obstacle that with Froude numbers approaching zero, complete upstream blocking occurs (see
section 3.2.2.2). As the value of the Froude number increases, multiple jets occur upstream, with some blocking,
and hydraulic jumps are found downstream. For even higher values some upstream influence is still found, together
with lee waves downstream. As N~ approaches infinity, the lee waves and upstream effects disappear and potential
flow is found, the only disturbance being over the barrier itself. The various flow types are usually dealt with
individually as described in the following sub-sections.

3.2.1

Linearized equations - Two-dimensional flow

Yih (1959, 1960b) developed a modified form of Long's Equation (1), and showed that, in addition to
the class investigated by Long, there were two essentially distinct classes of flow (and upstream conditions) for
which the modified form was exactly linear. Yih also demonstrated that the amplitudes of the lee-wave components
were independent of the details of the barrier shape, but were related to some integral properties of the function
used mathematically to generate the barrier. Two of Yih's flow classes had previously been described by Long
(1958). Sen Gupta (l962a, 1964) described a method of solution for the most general class of fluid streams where
the basic equation can be made exactly linear, and applied this to periodic wave-flow existing in a one-layer stream
of shearing fluid between plane boundaries. He found that the wave number of the flow increased markedly with
increasing flow amplitude, especially when the latter was large. Pekelis (1966) presented a numerical method of
solving the steady-state equation for flow in a bounded channel in which qualitative agreement was found with
Long's earlier results.

In some of the work referred to above, the solutions for disturbed flow were constructed and then a suitable low-level streamline was replaced by an obstacle. The obstacle so obtained is thus dependent on the properties
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of the incident fluid stream. Recently, however, several fluid dynamicists have applied Long's linearized Equation (2)
to flow over prescribed obstacles. Drazin and Moore (1967) and Miles (1968a) studied the lee-wave amplitudes and
wave drag for a range of stable flows beyond a thin vertical plate, in bounded and semi-bounded channels, as functions of the barrier height and upstream Froude number. For a similar model stream Kojevnikov (1963, 1968) and
Miles (l968b) examined the flow beyond a semicircular barrier. The analysis was extended by Huppert and Miles
(1969) to flow beyond tall and squat elliptical barriers, which for appropriate height-to-width ratios take on semicircular and vertical plate forms. The minimum Froude number at which static stability was observed to be maintained in the lee-wave field set up by an obstacle of fixed height was found to decrease with increasing obstacle
width, and the amplitude of the waves decreased with increasing altitude. Figure 36 shows a typical flow pattern.
In a later paper Miles and Huppert (1969) considered flows beyond obstacles of a more arbitrary shape. Jones
(1969) deduced the flow over a step in a bounded channel and compared the results with the observations of a
glider pilot made over the leeward escarpment of the Jura plateau. Pao (1969) used Long's linearized model to
obtain simple exact solutions of low-level vortices and doublets for various upstream conditions, and these were
considered to represent barriers; the large-amplitude flow beyond these was determined for a semi-infinite domain

and for a bounded channel.

Figure 36 - Streamlines computed by Huppert and Miles for the floW' of an incompressible
fluid beyond a semi-elliptical barrier. The properties of the fluid were idealized to make
Long's basic equation linear (see p. 48 of text) (Huppert and Miles, 1969)
€ = 0.6 for K = Kc = 1.12 where € - ellipticity, K - an inverse Froude number, Kc - the
value of K for ,which static instability first occurs

Drazin and Moore (1967) and Miles (1968a, b) found, using Long's linearized equation, that the drag on
the barrier increased with decreasing wind speed (or Froude number) and this called into question whether the
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model, restricted in particular by assumptions of no viscosity or upstream effects, represented the flows adequately.
Davis (1969) compared streamlines calculated numerically from the linearized equation with experimental observations for flow over bluff obstacles in a flow tank, and found qualitative agreement only in cases where a few leewave modes existed. However, when the flow became sub-critical with respect to several modes, at low Froude
numbers, the experiments showed that marked turbulence and hydraulic jumps occurred to the lee and it was for
these cases that Long's linearized model, obviously no longer applicable to the flow, predicted large drags.

3.2.2

Non-linear equations

Solutions to non-linearized equations of motion are necessary to explain such phenomena as hydraulic
jumps and upstream blocking (Benjamin, 1966; Long 1965), but wavy solutions also exist.

3.2.2.1 Wavy solutions
Sen Gupta (1962b, 1963) examined a non-linearized form of Long's basic equation for a one-layer model
with rigid plane boundaries. The Scorer parameter (12 ) was allowed to decrease vertically and, assuming that steady
periodic waves existed, solutions were obtained as a main term (equivalent to a classical linear solution) and superimposed non-linear terms which were regarded as perturbations on those obtained linearly. For the family of nonlinear waves considered, the wave number was found to decrease with increasing amplitude, and the large~amplitude
waves (which contained rotors) were not sinusoidal. No simple relationship existed between the wave properties and
upstream conditions.
Sokhov and Gutman (1968) and Sokhov (1970) used a model with constant upstream fluid speed and
density, constant pressure and temperature gradients, and with a free upper surface to represent a shallow, cold
air mass, of depth less than about 4 km, flOWing over a mountain. The dynamics of the overlying (potentially)
warmer air were not represented. The motion of the model stream was represented by a non~linear equation which
was solved to determine theoretical relationships between the upstream parameters which would produce downstream waves.
3.2.2.2 Upstream blocking
In most studies of atmospheric and fluid flows the assumption is made that the barrier has no effect on
the conditions far upstream. Long's flow-tank experiments (e.g. Long, 1955) have shown, however, that a stagnant
zone, separated from the upper flow by a large velocity shear, can exist upstream of the obstacle and thus change
its effective shape. When this happens the upstream flow is said to be "blocked" at low levels. The experimental
data also indicate that blocking is a non-steady phenomenon since it is accomplished by a surge moving ahead of
the obstacle which raises the upstream depth; Long (1970) establishes theoretical and experimental relationships,
for a two-fluid system, between the speed and height of the surge, the Froude number of the flow, and the height
of the obstacle. Kao (1965) had theoretically examined fluid flows over obstacles between rigid surfaces. For
Froude numbers of less than unity the upstream stagnation depth increased with decreasing Froude numbers; at
low values it was noted that the stagnation depth reached the level of the top of the obstacle more quickly as the
upstream face of the obstacle was steepened. For example, the upstream flow beneath the crest of a semicircular
obstacle was completely blocked for F < 0.20.
Benjamin (1970) investigating the flow of an incompressible non-viscous fluid at low (sub-critical) wind
speeds, established that an upstream disturbance which moved temporally further ahead of the body was coexistent
with downstream lee waves; his results reveal the need for some circumspection about solutions, including those
for atmospheric flow, which take no account of upstream effects. Wong and Kao (1970) examined the flow of a
similar fluid over the upstream edge of an extended obstacle (or plateau) and again pronounced blocking and multiple upstream jets were found together with lee waves as shown by the example (where F = 0.074) in Figure 37.
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Figure 37 - Two-dimensional flow patterns computed by Wong and Kao for fluid flaw
between two parallel planes over an extended obstacle. The velocity profile far upstream
exhibits jets after a long time. The distance and height unit corresponds to 50000 ft
(15.2 km) (Wong and Kao, 1970)

The effect of viscosity is to weaken the upstream blocking so that the forward veiocity relative to the
barrier increases upstream, and the depth of the blocked layer decreases as shown in Figure 38 (from Loug, 1970);
viscous properties are also required to explain fully the presence of the vertical alternation of high-speed jets and
stagnant zones sometimes found upstream. Blocking effects are less marked upwind of an isolated obstacle due to
the possibility of flow around its sides.

Figure 38 - An example of flow of a stratified incompressible fluid over an obstacle in a flow tank. A linear
vertical gradient of density has been obtained by a mixture of salt and water. A blocked region exists upstream
of the obstacle, but decreases in depth with increasing upstream distance. Above this lies a region of high
velocity. Lee waves can be seen beyond the obstacle (Long, 1970)
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3.2.2.3 Hydraulic jumps
As described in section 3.1, rotors can be predicted from linearized theory to ,?ccur under lee waves of

large amplitude. Rotor clouds at tropospheric levels (and strong down-slope winds) have also been attributed to
atmospheric flows containing hydraulic jumps (Technical Note No. 34, Part 11, section 5.3 ; and Kuettner, 1959),
particularly when the flow over the mountains is very shallow (Lopez and Howell, 1967; Clarke, 1972). At the
moment no satisfactory theory exists for the formation or prediction of hydraulic jumps in a stratified atmosphere.
However, for a single incompressible inviscid and hydrostatic fluid (which cannot be excited into lee-wave

motion), Larsen (1966) and Houghton and Kasahara (1968) related the presence of stationary and non-stationary
jumps to the upstream Froude number and the barrier height. The latter authors show that stationary jumps
occurred in conjunction with low Froude numbers and high barriers (as shown in Figure 39). Houghton (1969)
investigated the effects of the Earth's rotation on the formation of the jump, and Houghton and Kasahara (1969)
and Houghton and Isaacson (1970) extended the non-linear hydraulic jump theory for the single-fluid model to a
two-fluid system, and compared solutions with real flow patterns.
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Figure 39 - The computed relationship between Froude number and barrier size for hydraulic

jumps to occur beyond the barrier in the flow of single fluid. Fa = U o I (gho)~ where U o
and ho are the velocity and height of the approaching flow. Me = He I ho where Hc is the
height of the obstacle. Flow regimes from steady-state equations of shallow water flow. Note
that F 0 is directly related to the fluid velocity if ho is held constant (Houghton and Kasahara,
1968)

3.2.3

Three-dimensional [low
Both Drazin (1961) and Yih (1967) have presented equations governing steady finite-amplitude disturbances

in a non-viscous incompressible fluid flowing over a three-dimensional barrier, and Yih also considered similar disturb-
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ances in a compressible fluid. Zeytounian (1969) obtained vertical velocity fields in various planes above a specific
obstacle, solving the finite-amplitude equations numerically for a compressible fluid. Oobayashi (1970) investigated
the flow of a system of two hydrostatic, incompressible nOllMviscous fluids over an isolated mountain in order to
determine the conditions in which steady and non-steady hydraulic jumps were set up.

3.2.4

Laboratory and underwater experiments
laboratory work on the production of waves behind barriers has continued; some of the research work

already referred to in this Note includes verification of theoretical results by flow-tank experiments. Some of Long's
work was described in Technical Note No. 34.
More recently Timm and Pao (1966) mesaured the range of upstream Richardson numbers for which large
downstream waves existed in the flow of a stably stratified liquid past barriers in a flow tank. Lin and Binder

(1967) examined the flow of a two-layer airstream (in which the lower layer had the greater stability) past a barrier
in a wind tunnel. The main features of lee waves were observed, including a rotor beneath the first wave and strong
down-slope flow on occasions. Wavelength increased with an increase in the upstream Froude number.
The underwater experiments of Woods (1968) and the flow-tank experiments of Clark et al. (1970) have
clearly shown the generation and decay of billow motion and turbulence in a shear layer which is disturbed by
internal gravity waves; an example of such billows is shown in Figure 40.
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Figure 40 - Billows (marked as 'vortices') developing on internal gravity waves in a shear
zone within a thermally stratified liquid in a flow tank (Clark, J. W. - private report)
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TURBULENCE

Rotor-zone turbulence at low levels was a well-known phenomenon at the time of publication of Technical
Note No. 34 and therefore will not specifically be commented upon here. Turbulence in airflow over mountains can

also be associated with static instability in high-level rotors, dynamic instability in wind shear (either KelvinHelmholtz instability or centrifugal instability), chaotic breakdown of a particular flow pattern, or critical layer
absorption.

High-level rotors have been encountered by aircraft, above 60 000 ft (18.3 Ian) on occasions, and are
predicted by some of the operational numerical methods described in section 2.1. Kelvin-Helmholtz instability
(which can produce billow clouds) requires the initial presence of substantial vertical wind shear and a Richardson
number of less than 0.25. The generation of such instability has been detected by high-power radar (Browning,
1970) and is probably a common cause of turbulence, particularly near jet-streams, over any terrain; but neverthe-

less mountain waves can modify the windshear profile and thus affect the location and intensity of the turbulence.
Scorer (1967) concluded that the most favourable locations for a decrease in Richardson number in mountain waves

are in zones of uphill deceleration for forward shear, and downhill deceleration for backward shear. Centrifugal
instability, discussed by Scorer and Wilson (1962), also requires the presence of strong vertical shear and can occur
when a flow with forward shear passes through a wave trough or, conversely, when a flow with backward shear

passes through a wave crest. Calculations suggested that shears in excess of 20 knots per 1000 ft (32 m S·l per km)
would have to be present in shallow layers disturbed by waves of large amplitude (about 8 000 ft (2450 m)) before
such instability appeared.
Reiter and Foltz (I967) postulated a physical model of turbulence which drew its energy completely from
the vertical motions in lee waves. They made the rather bold assumption that the kinetic energy of lee waves could
cascade down to turbulence in such a way that the spectral density of the kinetic energy (of the vertical motions)
was related to the :j power of the perturbation wave number (the "~ law") for all wavelengths from 20 km (which
lies within the lee-wave range) downwards. They then used this law to extrapolate graphs showing the kinetic energy,
measured at small wavelengths in light, moderate, and severe turbulence, to give the kinetic energy and maximum
vertical velocities necessary at the longer lee-wave lengths for breakdown into turbulence of these three intensities.

Finally a graph was given for forecasting the resultant turbulence intensity as a function of the wavelength of the lee
waves and the maximum vertical velocity within them. It should be emphasized that this theory relates strictly to a
model of turbulence resulting from the total progressive breakdown of lee waves and not to the commonly accepted
model of turbulence which draws its energy from zones of strong wind shear which may be modified by lee waves.
Also there is no proper observational justification (as yet) for the extension of the 1- law from small wavelengths
(for which it does have proven applicability) to cover vertical velocities at wavelengths typical of lee waves.
Substantial theoretical effort has been devoted in recent years to the study of critical levels, where the
horizontal component of the phase velocity of any gravity waves present equals the local wind speed taken normal
to the waves (i.e. zero speed for standing waves). Turbulence is often observed at such levels and their investigation
is mathematically attractive since the linear equations of steady motion are not solvable in the usual manner due
to the infinite value of the Scorer parameter (12). Bretherton (1966) and Booker and Bretherton (I967) considered

linearized perturbation theory for upward-propagating waves and found that they were almost completely absorbed
at a critical level if the local value of the Richardson number was greater than unity. For values between 0.25 and
1.0 less complete absorption occurred and an attenuated wave would be transmitted. In both cases the absorption
would be associated with a transfer of horizontal momentum from the wave to the mean flow. The implications
for standing (lee) waves are that there should be little disturbance to the airflow above a level of wind reversal, at
which large-amplitude perturbations of horizontal velocity would be expected. Gerbier and Berenger's (1961)
observations of turbulence possibly relate to such a level.
Hazel (I967) found that the wave attenuation at a critical level was independent of viscosity and heat
conduction. Jones (1967) extended the theory to include the effects of rotation, and arrived at almost the same
value of the ratio of momentum flux above the initial layer to that below as was found by Booker and Bretherton.
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ENERGY' CONSIDERATIONS

A mountain exerts a drag force on an incident airstream, and the resultant loss of momentum may be of

importance on the synoptic scale and should be represented in atmospheric circulation models. This aspect of the
airflow disturbances caused by a mountain will not be discussed in detail here since we are mainly concerned with
those static and dynamic features of the airflow of interest to aeronautical meteorologists and agencies. Estimates
of wave drag, the vertical transport by mountain and wave disturbances of horizontal momentum, and the levelsat which momentum is lost or gained may be found in papers by Sawyer (1959), Eliasson and Palm (1961),
Blumen (l965a,.b), Bretherton (1969), Vergeiner (1971), Newton (1971) and others.

PART III

GENERAL INTERPRETATION OF THE OBSERVATIONAL
AND THEORETICAL RESULTS

I.

INTRODUCTION

It must be stressed from the outset that the results discussed in Part I of this Note are biased inasmuch as
they relate to measurements made in general over very large mountains (the Sierra Nevadas and Colorado Rockies
0
both haviug leeward escarpments of about 3 krn), and in the sub-tropics (i.e. between 20° and 40 N), where a particular type of wind profile, containing strong shears in mid~stratosphere, is commonly found. Caution needs to be
exercised if these results are to be extrapolated to cover airflow over smaller hills and, to some extent, in other
meteorological environments.

Section 3 of Part I, and Part III of Technical Note No. 34 gave a summary of the properties of lee waves
and methods of forecasting them, based on observational and theoretical work up to its date of publication. Recommended procedures for flight in waves were also given. Here a summary is given of new knowledge gained since that
date, and it should therefore be read in conjunction with the appropriate parts of Technical Note No. 34.

2.

GENERAL STRUCTURE OF THE AIRFLOW

Data collected recently have shown that resonant waves (i.e. the normal type of lee waves) frequently do
not occur in a simple form in the troposphere. Even to the lee of simple two-dimensional ridges, with little following terrain interference to the flow, complex tropospheric wave structures have been found on occasion. These
include waves for which the amplitude is significantly damped downstream (whilst being a maximum in mid-troposphere and maintaining a constant wavelength), waves whose wavelength varies in space (and time; see below),
different families of waves at different heights, and modulated waves. Theoretical explanations of these wave phenomena have been found, principally in terms of (usually two) different waves modes for which the maximum
amplitudes may be found at different heights. For all these types of waves the maximum amplitudes are usually
found in the lower or middle troposphere where wavelengths are relatively short, generally between 5 and 25 km,
and lesser amplitudes are found in the upper troposphere where wavelengths are longer.
The properties of those waves which have maximum amplitudes within the troposphere are almost independent of the properties of the stratosphere; their presence to the lee of two-dimensional terrain requires a sufficient decrease with height of the Scorer [2 parameter witltin the troposphere, the structure of which governs the
dimensions of the waves. However, it appears from theoretical work that, if three-dimensional motion is allowed,
waves of some combination of component wavelengths (along and normal to the flow) can be present irrespective
of whether or not Scorer's criterion is satisfied. A completely different family of waves which dampen downstream,
but for which the amplitudes increase upwards to attain maximum values above the tropopause, are a product of
theoretical models with a stable stratosphere above a deep, less stable troposphere. These waves can be superimposed
on the resonant waves if the latter are present, but theory suggests that they can occur only beyond very long ridges,
and even then
have comparatively small amplitudes in the lower troposphere. Wave motion beyond an isolated
hill or mountain is confined (in the horizontal plane) to a wedge whose apex angle is dependent upon the properties of the airstream.

will
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Tropospheric flows resembling hydraulic jumps have been observed over and downwind of large mountains,
but at present no proper theory or observations exist to relate such airflows to upstream conditions. Other atmospheric flows which resemble the motion of incompressible fluids have also been recognized. Examples are upstream
blocking at very low wind speeds, where the upstream air at low levels cannot pass over the mountain and where
at higher levels the airflow sometimes dips over the mountain crest, and again, at high wind speeds, flow patterns

with a single disturbance over and in phase with the mountain and no lee waves. Fluid dynamics theory has shown
that upstream blocking is associated with the presence of upstream jets at levels above the mountains, and also may
be associated with the presence of waves. or hydraulic jumps downstream.

Rotors in the lower and middle troposphere have been observed and theoretically predicted to be present
under the crests of waves of large amplitude and at discontinuities in flows resembling hydraulic jumps.
Turning next to flow patterns in the stratosphere, the observations which exist are still limited in number,
thus making many conclusions about flow patterns tentative at this stage. The observations suggest that only minor
stratospheric disturbances exist when those in the troposphere are absent or dimensionally small. However, when
larger tropospheric disturbances were present, significant stratospheric disturbances of various shapes and dimensions
were found; these stratospheric waves were often mobile, possibly a reflection of marked sensitivity to small changes

in tropospheric structure, a result which has been predicted theoretically. For quasi-steady disturbances, wave amplitudes are usually found to increase with height above the lowest stratospheric levels, near both high and lower mountains, long waves of small amplitude commonly being present at the tropopause (provided that the tropospheric waves
are not completely trapped). Data from the U.S.A. and the United Kingdom suggest that maximum amplitudes are
commonly found between 14 and 18 Ian. The flow between these levels occasionally resembles a reflection of the
terrain (or the flow at very low levels), at least in the mountainous areas of the sub-tropics for which Figure 29
shows a flow pattern not infrequently observed. The disturbance of largest amplitude is frequently found immediatelyabove the mountains, and peak-to-trough amplitudes of 2500 m have been measured. The 'mountain' disturbances sometimes exhibit rotor configurations.

Periodic waves, when observed in the stratosphere, have wavelengths of between 10 and 50 Ian; trains of
about ten waves have been observed, but usually, as predicted theoretically, damping occurs downstream after just

a few wavelengths. Above 14 km, double amplitudes of up to 1500 m over the western U.S.A. and 400 mover
the United Kingdom have been measured over the mountains on days when strong tropospheric waves were prob-

ably present. Such periodic waves have sometimes been superimposed on waves of much longer wavelength (150
km or greater) which include the 'mountain' disturbance and cause significant redistribution of the vertical profiles

of wind and temperature. Most steady stratospheric disturbances of all types lie on lines of constant phase which
tilt backwards at about 10°·20° to the horizontal, a result again in agreement with theoretical predictions. Above
18 Ian all disturbances are commonly found to die away. This is not always the case, however, as has been found
on a few of the field study flights; moreover, observations of mother-of-pearl clouds confirm that waves can occur
to greater heights. The criterion governing upward propagation may well be that stationary waves cannot pass
through a layer of zero wind-speed component normal to the mountain.
Perturbations of 30 kn (15 m S-l) in wind speed and 50° in wind direction have been found in periodic
stratospheric waves. Stratospheric phenomena can also cause large horizontal temperature changes; extreme changes
of 21°C in 2 km and 12°C in 0.4 km, created by a large 'mountain' disturbance, have been measured at a height
of 14 km.
We turn now to temporal variations in the flow. Some downstream flow patterns in the troposphere and
stratosphere appear to be more sensitive than others to small changes in the upstream profiles of wind and temperatures. Numerical computations have shown that slight changes in the upstream conditions, for which strong resonance waves have been observed, produce little change in the computed flow patterns; conversely, when the

observed waves were non-stationary or erratic, the computed flow fields were highly sensitive to small changes.
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Changes from a flow pattern of the hydraulic jump type to one of a lee-wave type have been observed to take
place over a period of one hour, and upstream jumps of orographically-induced clouds have been observed, both
these events occurring when little change in upstream conditions was apparent. Resonance waves are often observed
to be quasi-stationary over periods of several hours.
When rapid changes in upstream conditions are occurring, the changes in flow patterns are obviously more
marked. At low levels the almost instantaneous formation of downstream rotors has occurred as a flow normal to

the mountains was set up beneath a cold front. In the stratosphere the largest and most turbulent disturbances have
occurred when rapid changes in tropospheric wind direction, associated with the passage of a frontal zone, were

probably causing breakdown of tropospheric lee waves.

3.

TURBULENCE

Away from rotor zones and zones of strong wind shear, flight in orographic waves is usually very smooth;
close to and within these zones, however, turbulence is commonly found. In addition, any surface zone where
separation of the flow from the ground occurs can be turbulent due to movement of the point of separation, and

this effect would be of importance at airfields to the lee of mountains.
At low- and mid-tropospheric levels severe turbulence is associated with rotor streaming (which is often

found when a shallow layer of air is blowing across a mountain) and with standing rotors. Both of these phenomena
were described in Technical Note No. 34. Light to moderate turbulence has also been found in the stratosphere over
large mountains in quasi-steady rotors above 14 km in zones of up to 30 km long by 3 km high. These rotors can also
translate horizontal to vertical motion over very short distances producing rapid changes in the horizontal wind speed
which, although not turbulent in the strictest sense, can cause a severe jolt to an aircraft with possible surpassing

of the Mach or stall buffet speeds. A change of true airspeed of -68 kn in 1 If, secouds has been measured at
14 km over large mountains, associated with the extreme temperature changes mentioned earlier.
Shear-induced turbulence is commonly observed away from mountains in height bands where the shear and

stability profiled combine to produce a Richardson number of less. than 0.25 ; in these circumstances it has been
shown theoretically that billows of small wavelength (or Kelvin-Helmholtz instability) can grow and break, producing turbulence. Mountain waves can modify these profiles so that this criterion is locally satisfied, whereas it may
not have been over flat terrain in the same meteorological environment. For small and high mountains, statistical

data suggest that turbulence at all levels of observation up to about 20 km is fouud from twice to ten times more
frequently over mOlmtains than over flat ground under similar meteorological conditions, and also that the intensity
of turbulence over mountains is greater relative to that over flat ground on the same occasion. Near the tropopause,
extensive severe turbulence has been found in shear zones above and below a jet-stream core on days when strong
waves were present to the lee of large mountains. The production of breaking billow clouds near the tropopause in

lee waves, as observed by eye and radar, also indicates that even small hills can change significantly the shear promes at high levels. In the sub-tropics the zone of most marked shear is cOlmuonly found well above the tropopause,
and as a result levels from mid-troposphere to about 14 km have often been free of turbulence whilst moderate to
severe turbulence has been found above 14 km. It has been shown theoretically that the necessary decrease in
Richardson number for the production of Kelvin-Helmholtz instability and turbulence will occur in zones of downhill decelerating motion in backward shear, and in uphill decelerating motion in forward shear. These results have

been confirmed by several observations of the presence of turbulence predominantly in the troughs of backwardtilting waves in backward shear zones in the stratosphere. The extent of shear-induced turbulence of this type is
very variable, and may well be related to wave dimensions.
Centrifugal instability is a secondary, less common cause of turbulence in lee waves. This instability is

likely to be produced only in very strong forward shears (greater than about 10 m S-1 per 300 m) in the troughs
of waves of large peak-to-trough amplitude (over 2 000 m) or in backward shear in wave crests.
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According to theory, a further mechanism for the production of turbulence in the troposphere and stratosphere would be the absorption of wave energy at a 'critical' level, for which the wind component normal to any
waves would be zero (for standing waves) or equal to the phase velocity of mobile waves. Extensive stratospheric
turbulence over the mountains of the western U.S.A. has been commonly observed within shear layers when the
criteria for the formation and dimensions of tropospheric lee waves are changing (for example due to frontal motion
near the surface), and critical layer absorption of mobile waves within the shear zone could provide an explanation
for the production of this turbulence. It is, however, impossible to say exactly whether the cause of the turbulence

is the critical level, the shear itself, or both.
Finally, we may expect turbulence to be associated with any of the sudden changes in flow patterns
referred to in the previous section.

4.

FORECASTING ASPECTS

Qualitative guidance for forecasting those lee waves which attain maximum amplitudes in the lower or

middle troposphere was given in Technical Note No. 34. This guidance is still sound, and applicable whether or not
such lee waves are simple or complex in structure. An additional forecasting aid is provided in the form of satellite

photographs. Graphical methods of forecasting wave intensities for the mountains of the U.S.A. have been presented
by Harrison (1957) and Calabresse (1966) and are depicted in Figures 14 and IS; these relate the intensity to tropospheric wind speeds and to the pressure difference between stations on opposite sides of a mountain. The graphs
were shown to produce accurate forecasts and similar methods could be used for other parts of the world. In addition Harrison and Sowa (1966) compiled a lee·wave climatology for mountains of North America, and this is also
an aid for qualitative forecasting in that area.

Quantitative guidance for the forecasting of the dimensions of tropospheric lee waves could be derived
from several of the theoretical models, but authors seldom proceed to present such guidance. An exception is based

on the work of Foldvik (1962) in the paper by Casswell (1966). Graphical methods for the deductions of tropospheric
waveiengths, vertical velocities, and the height of maximum vertical velocity are presented, but these are only strictly
applicable to atmospheres in which the Scorer /2 parameter decreases with height at an approximately exponential
rate, and therefore may not be completely valid for tropospheres which, for example, contain marked inversions. One
of Casswell's graphs is shown in Figure 33 ; the wave dimensions and vertical velocities are related to the values of

the parameter gB/u 2 at 850 and 500 mb, and Casswell (1966) also presents graphical means of calculating these
values from radiosonde measurements. Available flight data confirm that these methods (and others) produce reasonable forecasts of wavelength, but insufficient data are available to verify the other forecast dimensions.
No useful criteria can yet be given to facilitate forecasting of flows which resemble hydraulic jumps, but
blocking of the low-level upstream flow may be expected at low wind speeds.
Operational numerical models for predicting the airflow have been presented by Wallington (1970) and
Vergeiner (1970). In both of these arbitrary upstream conditions (including stratospheric data) and arbitrary terrain
can be specified. Vergeiner's work showed close agreement between observed stationary lee waves and computed
flow patterns when the latter were insensitive to small changes in upstream conditions. However this sensitivity was
high when observed waves were erratic or nonwstationary. It thus seems wise, when using numerical methods to make
computations for observed upstream conditions, to introduce slight .changes to assess the sensitivity of the computed

flow pattern. Wallington's work showed that computed rotors corresponded well to observed chaotic flow at low
levels.

PART III - GENERAL INTERPRETATION OF THE OBSERVATIONAL AND THEORETICAL RESULTS
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Turbulence should certainly be forecast to be pre.ent at level. of marked shear in the troposphere when
lee wave activity is strong. Observations suggest moderate to severe turbulence can occur with wind shears in excess

of 3 m S-1 per 300 m. Other occasions when low·level tropospheric turbulence should be forecast are indicated
elsewhere in this and in Technical Note No. 34.
Turning our attention to the stratosphere, any guidance is tentative by nature due to the limited number
of observations. It appears, however, that only minor stratospheric disturbances are present when tropospheric dis-

turbances are absent or dimensionally small. When tropo.pheric wave. are predicted to ,be moderate to strong,
strato.pheric disturbances should also be forecast. In the lower stratosphere, the limited'available data indicate that
long waves of small amplitude will be present, but that some amplification occurs with height so that maximum
amplitudes are attained above 14 krn. These amplitudes are comparable with the maximum tropospheric amplitudes,
the maximum disturbance being found over the mountains. When a forecast of stratospheric waves is made, signif-

icant turbulence should also be forecast for critical levels and tho.e levels where shear exists in the stratosphere. No
disturbances should be predicted above a layer of zero wind speed or zero component normal to the mountains. An

additional indicator of the presence of disturbances is marked .tratification of the lap.e rate in the stratosphere;
this could be caused by periodic waves of short or long wavelength, or by large isentropic oscillations over the
mountains. However when thi. type of lapse rate (as depicted in Figure 22b, ABQ) is observed, stratospheric dis·
turbances should be forecast only when the criteria for forecasting tropospheric waves are synchronously satisfied,
since there are other causes of such stratification.

'0

In the field projects which have
far been held, the most severe stratospheric disturbances encountered
(which caused significant difficulty in the handling of the aircraft) all occurred near shear-levels over an area where
a well-marked cold front, or its associated 700 mb trough, were moving quickly over the mountains. A possible
reason for the correlation of the worst disturbances (in the form of either very large oscillations of the airflow or
severe turbulence) to mobile frontal systems is that the associated changes in wind direction and height of inversion
cause temporary amplification and then breakdown of wave systems in the troposphere and stratosphere. Such
occasions were also locally associated with marked thermal stratification of the stratospheric lapse rate.
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